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Low Rank Properties for Synchronizing Microphones and Sources
in Ad-Hoc Wireless Acoustic Sensor Network

Faxian Cao, Yonggiang Cheng, Adil Mehmood Khan, Zhijing Yang, S. M.
Ahsan Kazmi, Zhao Huang, Yingxiu Chang

e Three new low-rank properties are introduced to exploit the low-rank
structure information between the time of arrival and unknown timing
information in microphones and sources, all supported by mathematical
proofs.

e A combined low-rank approximation algorithm is introduced to find
global solutions for synchronizing microphones and sources by estimat-
ing the microphones’ start time and the sources’ emission time.

e The proposed new rank properties can be adapted for use in other
fields with similar synchronization challenges, such as radio signals,
potentially benefiting a broad spectrum of applications in technology
and engineering.
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Abstract

Wireless Acoustic Sensor Networks (WASNs) designed for joint local-
ization of acoustic sources and microphones are increasingly utilized in ap-
plications such as intelligent speech interfaces, environmental monitoring,
and robotic audition. However, uncertainties in timing information—such
as imprecise microphone recording start times and unknown acoustic source
emission times—pose significant challenges, particularly in ad-hoc WASNs.
Traditional optimization methods typically address these issues by explicitly
estimating unknown timing information (UTIm) to synchronize sensors and
sources. In contrast, the Low-Rank Property (LRP) based methods exploit
an inherent low-rank structure to impose linear constraints on UTIm, facil-
itating globally optimal solutions given proper initialization. Nonetheless,
these methods often rely on random initialization, leading to convergence
toward suboptimal local minima. Targeting this challenge, this paper in-
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troduces a novel combined low-rank approximation (CLRA) method to syn-
chronize microphones and sources, mitigating random initialization effects.
We present three new LRP variants, mathematically proven to enhance the
UTIm with richer low-rank structural information. Using this augmented
information, we formulate four linear constraints on UTIm and employ the
CLRA algorithm to derive globally optimal solutions. Experimental results
show our method outperforms state-of-the-art approaches in both recovery
number and reduced estimation errors of UTIm.

Keywords: Wireless acoustic sensor network, microphones start time,
sources emission time, low-rank property, combined low-rank approximation

1. Introduction

Speech signals, as a natural and intuitive way for the development of
human-machine interfaces, have garnered significant interest in the wireless
communications network [1]. By incorporating microphones into ad-hoc wire-
less acoustic sensor network (WASN), we can utilize WASN in applications
such as smart phone [2], environmental monitoring [3], smart city [4], health
monitoring [5], etc. Among these applications, the design of local positioning
systems has been significantly advanced by the use of location information
over the past decade, driven by its potential for developing ambient intelli-
gence applications [6]. For instance, in the applications of ambient-assisted
living, the utilization of location information enables the living environment
safer, easier and more comfortable [6]. Additionally, microphone tends to be
lightweight, smaller and less intrusive than the video camera [6].

Time of arrival (TOA) and time difference of arrival (TDOA) [7, 8] mea-
surements are two typical information for localizing both microphones and
sources in ad-hoc WASN. Specifically, the TOA measurements between indi-
vidual microphones and sources are obtained through cross-correlation when
the waveform of the source signal is known beforehand, such as its ampli-
tude, frequency, and duration [9]. Additionally, the TDOA of a pair of
microphones with respect to the corresponding source are determined by
performing cross-correlation on the two corresponding microphone signals
when the waveform of the source signal is unknown [10]. When microphones
and sources are synchronized, meaning their recording start time and emis-
sion time align, the time difference between the emission of an audio signal
by the source and its reception by a microphone is measured using TOA



[11]. Similarly, TDOA measures the delay between a pair of microphones
receiving corresponding audio signals [12]. Therefore, accurate estimation
of TOA and TDOA [7, 8] measurements is a critical prerequisite for various
applications in ad-hoc WASN, such as microphones array calibration [13, 14],
source localization and tracking [15, 16], joint microphones and sources local-
ization [17, 18, 19, 20], and simultaneous localization and mapping [21, 22].
However, the accurate estimation of TOA and TDOA is complicated by the
presence of unknown timing information (UTIm) arising from asynchronous
microphones and sources within ad-hoc WASN in real-world applications.
This lack of synchronization in the start times of microphones and emission
times of sources is a significant challenge that undermines the reliability and
accuracy of localization and tracking systems [23].

Existing methods [23, 24, 25] to synchronize microphones and sources in
ad-hoc WASN by estimating UTIm primarily fall into two categories. The
first category relies on direct optimization methods, including maximum like-
lihood estimation [24] and distributed damped Newton optimization [25].
Despite their popularity, these methods require both TDOA and angle of ar-
rival information [26] and their applications can be limited in certain scenar-
ios. The second category [23, 27] hinges on exploiting the low-rank property
(LRP) [28], where the low-rank structure information of UTIm is used to
formulate linear constraints for UTIm estimation. The effectiveness of this
method is often hindered by unknown and random initialization of UTIm,
leading to local (suboptimal) minimal values and thus limited recovery rate
(the ratio of number for successful initializations to all initializations in one
configuration) and convergence rate (the ratio of number for successful recov-
ery configurations to number of all configurations), particularly when there
is noise in TOA measurements.

Drawing upon our prior work [29], which highlighted the sufficiency of mi-
crophone signals alone for localizing asynchronous microphones and sources
within an ad-hoc WASN, we delve deeper into the relationship between TOA
and TDOA formulas in our previous work [29] by presenting a novel mapping
function. More specifically, expanding on the significant alignment between
the transformations of TOA and TDOA measurements discovered in our pre-
vious research, we imply that the low-rank structure information exploited
between UTIm and TOA could be similarly applied to TDOA, suggesting the
distances between microphones and sources can be acquired once the UTIm
in TOA or TDOA is estimated.

In this paper, we introduce the combined low-rank approximation (CLRA)
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method to estimate UTIm in both TOA and TDOA. This method integrates
the linear constraints formed by LRP with three new variants of LRP de-
signed to exploit more low-rank structure information of UTIm. Then, by
using these four linear constraints to restrict UTTIm, our CLRA method seeks
a global optimization solution for UTIm estimation, improving both conver-
gence and recovery rates while reducing estimation errors in noise environ-
ment. In addition, alongside presenting this novel method, we provide a
mathematical proof for the proposed LRP variants, reinforcing the theoret-
ical foundation of our approach. This paper, therefore, not only uncovers a
novel methodology for UTIm estimation but also presents robust evidence
to validate its effectiveness. This study thus serves as a significant advance-
ment in the realm of ad-hoc WASN, paving the way for more accurate and
efficient methods for estimating UTTIm. The key contributions of our study
are as follows:

e Three novel low-rank properties are presented to leverage the low-rank
structure between TOA (or TDOA) and UTIm, with rigorous mathe-
matical proofs supporting their validity.

e A CLRA method is proposed to achieve global solutions for synchroniz-
ing microphones and sources by accurately estimating the start times
of microphones and the emission times of sources.

e The introduced rank properties offer potential applicability to other
domains facing similar synchronization challenges, such as radio signals,
and can contribute to a wide range of technological and engineering
applications.

This paper is organized as follows. Section 2 reviews previous research on
estimating UTIm using both TOA and TDOA measurements. Sections 3 and
4 present the problem formulation and preliminary concepts, respectively.
Sections 5 and 6 introduce the proposed Low-Rank approach along with its
underlying mathematical principles. Section 7 demonstrates experimental
results and includes benchmark comparisons. Finally, Section 8 concludes
the paper by summarizing the key findings.

2. State of The Art

This section reviews the latest methods for estimating UTIm in both
TOA and TDOA measurements, used for synchronizing microphones and
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sources in ad-hoc WASN. As stated early in Section 1, the methods for
UTIm estimation are categorized into two groups, i.e., direct optimization
and LRP-based [28]. Among the direct optimization techniques, probabilistic
generative model [30] estimates sources emission time by using TOA mea-
surements. However, this model ignores the start time of microphones in
TOA measurements. To eliminate UTIm in TOA measurements, one work
introduces Gram matrices [31], assuming that the center point among mi-
crophones and sources is known. Nonetheless, this assumption does not hold
for microphones array applications. Maximum likelihood estimation [32] as-
sumes co-located sources and microphones and estimates their locations and
microphone start time using either TOA or TDOA information. In addition,
optimal solutions are derived through close form equations in this case [32].
Auxiliary function-based approach [12] uses TDOA information to estimate
the locations and microphone time offset, showing better convergence prop-
erties. Some approaches, such as maximum likelihood estimation [24] and
distributed damped Newton optimization [25], combine TDOA with angle of
arrival (AOA) measurements to estimate UTIm. However, these approaches
require both TDOA and AOA measurements and this is not usually satis-
fied in many scenarios. Among the first group of methods reviewed, only
auxiliary function approach [12] presents a general method while others re-
quire additional geometric constraints on the location of microphones and
sources or assume the start or emission time to be known or necessitate more
measurements.

Regarding the LRP-based methods for estimating UTTIm [28], they are
categorized into three algorithms: alternating minimization (AM) [33, 34],
nuclear truncation minimization (NTM) [35, 36], and structure total least
square (STLS) [23, 37, 38, 39, 40]. Of these algorithms, the STLS method
is over 100 times faster than both AM and NTM. Besides, by denoting the
time offset of the microphones in TDOA as the pseudo-start time of the
microphones and the distance (divided by the speed of sound) between the
first microphone and the corresponding source as the pseudo-source emission
time [31], the LRP [28] is being used to estimate UTIm with TDOA informa-
tion. In our previous work [29], we demonstrated that the transformations
of both TOA and TDOA measurements are identical to one another, show-
ing the UTIm in TOA and TDOA are the same as each other. Therefore,
the values of variable in the low-rank matrix exploited by LRP with TDOA
measurements can be equivalent to those in the low-rank matrix exploited
by LRP with TOA information.



In summary, various methods are proposed to estimate UTTIm using TOA
or TDOA measurements. Among these methods, the auxiliary function-
based algorithm [12] and LRP-based methods [33] are promising due to their
consideration for a general formulation. However, LRP-based [28] methods
are found to have better recovery and convergence rates with less estimation
errors of UTIm than the auxiliary function-based algorithm [12]. In addition,
by using LRP [28], STLS is found to be 100 times faster than AM [33, 34| and
NTM [35, 36]. Nevertheless, with LRP only, resulting in a risk of solutions
getting stuck in local minima. To address this issue, this paper proposed
three variants of LRP that exploit more of the low-rank structure information
pertaining to UTIm in TOA or TDOA. The proposed CLRA uses both LRP
and the corresponding three new variants to constrain UTIm, allowing for a
global solution to be found. Therefore, the proposed CLRA method helps
improve the recovery and convergence rate while also reducing estimation
errors of UTIm.

3. Problem Formulation

Assuming there are M microphones and N sources located at unknown
locations R = [rl, ro, ---, rM}?;xM and S = [sl, So, v, SN]SXN’ re-
spectively, where 3 represents the 3 dimensional space (For ease of reference,
all notations are listed in Table 1 in Supplementary Material). Then, if there
is a fundamental control centre for both microphones and sources, the mi-
crophones and sources can be synchronized, i.e., both the emission time of

sources and the microphones start time are known. Thus TOA (t;; = HI";CS’H)

between i microphone and ;™ source is obtained with the received micro-
phone signal and known waveform of source signal [41] (Note that || e ||
and ¢ are the [y norm and speed of sound, respectively.) Similarly, TDOA
Gy = W) between the 1°¢ microphone and the " microphone
with respect to j* source is obtained using the received signals from a pair of
microphones [10]. However, usually the microphones and sources are asyn-
chronous [29, 31, 38], resulting in the emission time of sources and the start
time of microphones being unknown.

If microphones and sources are asynchronous and the waveform of source
signal is known, TOA between microphone and source is incomplete because
of the UTTm. Denote § = [(51, dg, v, 6M}Tand7] = [771, No, *++, nN}T
where §; and 7; are the unknown start time of " microphone and unknown

emission time of j* source, respectively (i and j range from 1 to M and 1
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to N, respectively). Then the TOA between microphones and sources is

i — sl

tij = Tj +1; = 0i- (1)
If microphones and sources are asynchronous and the waveform of source
signal is unknown, then TDOA is available and the received signals from a
pair of microphones are utilized for TDOA estimation with the method of
cross-correlation [10]. Thus the relationship between TDOA and the location

of microphones and sources is displayed as [31, 37|

r; —s;|| —|lr1 —s; r; —S; ry— S,

oty sl sl o sl sl
c

c c
(2)
where 0/ is the time offset between the i'® microphone and 1! microphone.

Denote 7); = —”rl—;SjH and 0; = —d}, TDOA formula in Eq. (2) is rewritten
as [31, 37]
r, —S; N ~
Gij = w + 1 — 0, (3)

which shares the same structure with the TOA formula in Eq. (1).
By using TOA information t;; only in Eq. (1), the transformation of
TOA formula in Eq. (1) can be rewritten as [29]
sl
tij = ——" =0 + 1, (4)
where fi,j is the transformation of TOA t; ;, and 5Z and 7); are the transfor-
mation of microphone start time d; and source emission time 7;, respectively.
Similarity, by using TDOA information ¢; ; only in Eq. (2), the transfor-
mation of TDOA formula in Eq. (2) is rewritten as [29]

. r;, —S; . .
Gij = w — 0; + 1jj, (5)

where QJ is the transformation of TDOA ¢ ;, and &; and 7); are pseudo start
time and pseudo emission time, respectively, and

i = 1
5 =0, , (6)
Ci,j - {Zi,j
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wherei =1, ---, M,j=1, ---, N and 1 =n =0.

Upon inspection of Egs. (4), (5) and (6), it is obvious that the trans-
formation of TDOA formula in Eq. (2) can be same as the transformation
of TOA formula in Eq. (1) [29]. Without further mention, we denote t;
as both TOA and TDOA, and also denote ¢; and 7; as microphone start
time and source emission time, respectively. Our objective is to estimate the

UTIm from TOA or TDOA information, used for synchronizing microphones
and sources in ad-hoc WASN.

4. Preliminaries

The low-rank structure information of UTIm exploited by LRP [28] is
stated in this section.
By taking the square of both sides of Eq. (4) [33, 37], we can have

T T T
r;r;+s;8; —2r;s;
2

. =2, + 07 + 07 — 20k — b+ 050),  (7)
where ¢t =1, ---, Mandj=1, ---, N.

To formulate LRP, we can sequentially subtract the corresponding equa-
tion for 7 = 1 and the equation for j = 1 and then add the equation for
i = j = 1 from the general form Eq. (7), finally based on the assumption
n1 = 0 due to the invariance of relative time, it follows [33, 37]

—2(r; —11)" (s, — s1)

2
= t?; - tz21 - t%] + fil + 25z(tw - tu)
— 201 (§15 — t1,1) — 200 (85 — €15) + 2005 (01 — 0y), (8)
where : =2, ---, M and j = 2, ---, N. By defining four matrices R €

R3><(M—1) ’ S e R3><(N—1)’ De R(M—I)X(N—l) and U € R(M—I)X(N—l) as

R;,zel =r;, —TIy,
S:,j—l = 8; — 8y,

722 12 12
Di1j1=1t,—t;—t];+t],,

Ui_i1j1 = 20; ({Ji,j - fz,l) — 26, (fl,j — 1'31,1) — 21, (fz‘,j — él,j) + 21); (51 - 5z> ;



respectively, where ¢ = 2, ---, M and j =2, ---, N, then Eq. (8) is
rewritten as matrix form [33, 37]

—2R'S

c2

—D+U. 9)

Upon inspection of Eq. (9), the left side contains the information on the
unknown location of microphones and sources while the right side contains
UTIm and TOA (or TDOA), it implies that we need to estimate the UTIm
before localizing both microphones and sources. Then with Eq. (9), the
low-rank structure information of UTIm in TOA (or TDOA) exploited by
LRP [28] is presented here.

LRP: if

M—-1>3
) (10)
N—-1>3

LRP can be stated as
rank(D + U) = rank(R'S) < 3. (11)

Upon inspection of Eq. (11), matrix U contains both the UTIm and
TOA (or TDOA), and matrix D contains TOA (or TDOA), it indicates that
Eq. (11) shows the low-rank structure information of UTIm in the known
TOA (or TDOA). However, usually the initialization of UTIm is random,
so that the solution of UTIm is easy to stuck into local minima. It leads
the following problems: First, if the number of microphones or sources is
not sufficient, the convergence rate is limited, for example, if number of
microphones (or sources) is less than seven (or six), the convergence rate
achieved by LRP is almost zero percent. Second, the recovery rate is still
limited whatever the number of microphones and sources is. Third, the
estimation error of UTIm tends to be large when there are noises in TOA (or
TDOA) measurements. Therefore, we are interested in investigating whether
there are any other low-rank structure information of UTIm in TOA (or
TDOA), i.e., given the additional linear constraints formulated by these low-
rank structure information, we are aiming to improve both the recovery and
convergence rate of UTIm and reduce the estimation errors of UTIm in noise
environments, facilitating the localization task of ad-hoc WASN.



5. Proposed New Low-Rank Properties

In this section, we propose three variants of the LRP to estimate UTIm.
LRP reveals the low-rank structure information of UTTm in TOA (or TDOA),
and the proposed three variants enhance this property by incorporating ad-
ditional low-rank structure information. These additional structures enable
the recovery and convergence rates for UTIm estimation to be improved,
while reducing estimation errors, especially in noisy environments.

The key motivation behind our method is to exploit the low-rank struc-
ture inherent in the timing discrepancies (UTIm) of TOA and TDOA mea-
surements. This structure arises from the dependencies between the micro-
phone and source timing in ad-hoc networks. By utilizing these low-rank
properties, we can formulate linear constraints that provide more robust and
efficient estimation of UTIm, even under noisy conditions and random ini-
tializations.

Our three variants of LRP differ from existing methods in that they offer
more comprehensive low-rank structure information, leading to better per-
formance in terms of convergence, recovery rate, and noise tolerance. Below,
we define three new matrices, each of which captures a distinct aspect of
the low-rank structure in UTIm, enabling the estimation of UTIm to benefit
from richer structural information.

By defining three new matrices

Tl* _ [D U:| c R(M—l)XQ(N—l)’ (12)

T; — [DT UT} c R(Nfl)XQ(Mfl), (13>
and

T — {B g} € RAM-1)x2N-1). (14)

then three variants of LRP are proposed if Eq. (10) holds.
LRPV1:
rank (T7) < min{M — 1, N — 1+ 3}, (15)

where matrix T is low-rank only if M —1 > N — 1+ 3 (see proof in Section
A1 of Supplementary Material).
LRPV2:
rank (T3) < min{N — 1, M — 1 + 3}, (16)
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where matrix T% is low-rank only if N —1 > M — 1+ 3 (see proof in Section
A2 of Supplementary Material).
LRPV3:

rank (T3) < min{N — 1+ 3, M — 1+ 3}, (17)

where matrix T3 is always low-rank if Eq. (10) holds (see proof in Section
A8 of Supplementary Material).

From Egs. (12), (13), (14), (15), (16) and (17), we can see that LRPV1,
LRPV2 and LRPV3 always reveal low-rank structure information of UTIm
in known TOA (or TDOA) if M —1 > N — 1+ 3 holds for Tj and N —1 >
M — 1 + 3 holds for T5. The proposed LRP variants extend traditional
LRP methods by introducing new constraints and structures that increase
the robustness of UTTm estimation. In particular, these variants mitigate the
issues of local minima and suboptimal solutions that often arise in traditional
LRP methods, especially in the presence of noise or random initializations.
The three variants each utilize a distinct structure, allowing for a more com-
prehensive exploration of the low-rank properties of UTTm in both TOA and
TDOA measurements.

6. Proposed Algorithm

This section illustrates the corresponding linear constraints first based on
low-rank structure information exploited by both LRP in Section 4 and three
variants of LRP in Section 5, and then applies them to UTIm estimation.

Both the low-rank property (LRP) and the three proposed variants of
LRP exploit the inherent low-rank structure information present in UTIm
within TOA (or TDOA) measurements. The motivation behind using these
variants is to draw from a richer pool of low-rank structural information
compared to traditional LRP methods. This richer set of information allows
us to better estimate UTIm, leading to a global solution rather than getting
stuck in sub-optimal or local minimum values caused by the randomness of
UTIm initialization.

In practical terms, the procedure consists of two main steps. First, based
on the four LRP formulations discussed above, we derive four linear con-
straints. These constraints are then combined into a single objective function.
To solve this objective function, we apply the Gaussian-Newton method [42],
which helps mitigate the issues of local minima by improving convergence
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rates and recovery performance, even in the presence of noisy measurements
and random initialization.

6.1. Linear constraint based on LRP
From Egs. (9) and (11), denote

D=|A B

, (18)
U=|F G

where the sub-matrices in D and U are A € RM-1)x3 B ¢ RIM-Dx(N-1-3)
F € RM-Dx3 and G € RM-Dx(N=1=3) ' Then we have

rank([A+F B+ G])=rank(A +F) < 3. (19)

From Eq. (19), we can assume there is a matrix X that enables
(A+F)X =B +G, (20)
where X € R3>*(V=1-3) is unknown and will be estimated in Subsection 6.5.

6.2. Linear constraint based on LRPV1
From Egs. (12) and (15), we split T} as Tj = [Tj; Tj,], where T3, €
RM-Dx(N=143) and T%, € RM=DX(N=1-3) "then we have

rank([Tj; Ti,] =rank(Tj;) <N —1+3. (21)
From Eq. (21), we can assume there is a matrix Z that enables
TiZ =T, (22)

where Z € RW-1+3)x(N=1-3) is ynknown and will be estimated in Subsection
6.5.

6.3. Linear constraint based on LRPV?2
From Eqgs. (13) and (16), we can split T3 as T5 = [T3, Tj,] where
Ty, € RV-UXA=143) and Ty, € RV-UXM=1=3) Then we have

rank([T3, Tia]) = rank(Thy) < M — 1+ 3. (23)

From Eq. (23), we can assume there is a matrix W that enables
T3, W = T5,, (24)
where W € RW—1+3)x(M=1-3) is ynknown and will be estimated in Subsec-

tion 6.5.
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6.4. Linear constraint based on LRPV3

From Egs. (14) and (17), we define My as min(N —1+3,M — 1+ 3)
and split T3 as Tj = [T3, T5,] where Ty € REM-D>My and Ty, €

R2M-1)x2N-1)=My) Then we have

rank([T4; Ti,]) = rank(Ty,) < My. (25)
From Eq. (25), we can assume there is a matrix Y that enables
T3, Y =T5,, (26)

where Y € RMyx@2(N-1)-My) ig ynknown and will be estimated in Subsection
6.5.

6.5. Algorithm

The STLS [23, 38, 40] utilizes the LRP only for UTTm estimation, so that
the solution of UTIm is easy to stuck into local minima, this limits both
the recovery and convergence rate for UTTm estimation, and the estimation
errors of UTIm tends to be large in noise environments. To find global
optimal solution for UTIm, based on the three variants of LRP we proposed

and the linear constraints formulated from those four low-rank properties,
LRP, LRPV1, LRPV2 and LRPV3, we have the objective function:

£(0,%,X,Y,Z2, W) = [[U|; + A+ F)X - (B+G)|;
+ QQHTLZ - Tiz”% + 52||T§1W - TEzH% + 72||T§1Y - T;ZH%‘: (27)

where || e || is Frobenius norm, ||U||% is regularization term [23, 38|, and A, «,
[ and ~ are penalty parameters for the four low-rank properties, respectively
(A for LRP; a for LRPV1; g for LRPV2; 4 for LRPV3). Upon inspection of
Eq. (27), We can see that when v = a = = 0, proposed CLRA method
degenerates to STLS that uses the LRP only for UTIm estimation [23, 38].

In addition, for any given number of microphones M and any given
number of sources IV, we can distinguish three cases, i.e., 1) Case 1 (C1):
M—N > 3;2) Case 2 (C2): N—M > 3; 3) Case 3 (C3): |[M —N| < 3. From
M—-1>N-1+3inEq. (15)and N —1> M —1+ 3 in Eq. (16), we can
see that LRPV1 and LRPV2 have low-rank properties only in C1 and C2,
respectively, then we can summarize the combination way for four low-rank
properties as

(1) =01in CI;
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Figure 1: The illustration for combinations of four low-rank properties of proposed CLRA
method with different number of microphones M and sources N (a for LRPV1, 8 for
LRPV2, v for LRPV3; a = =~ = 0 in the shadow area for STLS [23]).

(2) @ =01in C2; and

(3) « =0and = 0in C3. Fig. 1 illustrates the combination way of four
low-rank properties for CLRA.

Next, we present a general and complete solution for the minimization of
above objective function. We use the column-wise matrix vectorization, v(-)
(i'e'y U(X) = [X1,1, T ,X3,1, X1,2, T ,X3,27 T ,X1,(N—1—3), T ,X3,(N7173)]T)7
to define

p=1[T 47 oX)T w(Y)T o(Z)T o(W)T]",
and
a=[fa7 Ms" AT afp” pRT],

where )

fa = v(U)

fs =v(A+F)X -B-G)

fc = U(Tle - T§2) ) (28)

fp = 'U(T?[IZ - Tiz)

\fE = v(T3; W —T5,)

and then re-write the objective function Eq. (27) as f (p ) lal3, where the
dimension of the vectors q and p are Q = (M — 1)(8(N — 1) — 2MN —6) —
3(N—1)and P=M+N —1+3(N—1—3)+ My(2(N — 1) — My) + (N —
14+3)(N—=1-3)+(M—-1+3)(M—1-23), respectlvely

Finally, we solve the nonlinear least square problem by minimizing f(p)
with the Gauss-Newton algorithm [42]. Therefore we compute the Jacobian

matrix
J = 0q/0p € RO, (29)
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Algorithm: Proposed CLRA method for estimation of UTIm
Input: D, U, M, N,
Output: p = [0; n,x y; z; wl;
Parameters: w*: threshold for diver ence;
dp: stopping threshold for Gaussian- ewton iterations;
meo: maximum number of iterations;
A, a, B and «y: penalty constant in (27)

if [IM — N| < 3 then

a=0and 5 =0;
elseif M > N + 3 then

else 7
o=
end if
Initialize 69, n©
Compute D, A B, XO = (A+ F)!(B+G); (9, 18, 20)
70 = T* T, WO = 73175, YO = T3 1T, (22,24,26)
(f: Moore-Penrose generalized inverses [40]])
while ¢ == 0 do

)

Step 1: Compute U™, F™ G™,; (9)(18)
Step 2: Compute 77} m Tl*lm1 T* e 22)
Step 3: Compute 15 ™ ,Io™, T2*2ml (24)
Step 4: Compute T*ml T3, Tgy™ (26)
Step 5:

Compute f™ = [f1" AF™ 4™ AB™ BIE™]" (28)
Step 6:Compute J™! 29
Step 7: Update p(mi+1) (30)

if (/5115 + /515 + 15013+ 15 113) > w

OR. ([[p(m+V) — pmi|f) < d,
R m; = my; then

end if

my =my + 1;
end while

)

which is the derivation of vector q with respect to vector p (see details in
Section A4 of Supplementary Material), and we update p in an iterative way
as .
pm+1 _ pm _ (JmTJm) JmT m’ (30)

where m denotes m*" iteration and the pseudo code of proposed CLRA can
be seen from Algorithm.
7. Experimental Results

The experimental settings are described in Subsection 7.1, and the influ-
ence of the parameters in the three proposed LRP variants on the CLRA

method is analyzed in Subsection 7.2. Subsections 7.3 and 7.4 present the
performance of the proposed CLRA method. Finally, Subsection 7.5 provides
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a consolidated evaluation, including performance comparisons with STLS
and the auxiliary function-based algorithm [12] (Ono), as well as a robust-
ness analysis under additive noise on both the realistic simulation dataset
and the real dataset; in this part, we also report results for SDP (semidefi-
nite programming) and SDP+LM (Levenberg-Marquardt) [31], where LM is
initialized by SDR.

7.1. Setup

The simulation data for microphone and source locations, start times,
and emission times were randomly generated using MATLAB R2019a on a
computer with a 3.7-GHz CPU, six cores, and 16 GB RAM. Microphone
and source locations followed a uniform distribution within 10m x 10m x 3m,
which is suitable for real applications [31]. Start times (&) and emission times
(n) were uniformly distributed within [—1,1]s [31], and the speed of sound
was set to ¢ = 340m/s. We also use both realistic simulation data and real
data for validating proposed methods (see Subsection 7.5). The parameters
of the proposed CLRA were set as w* = 10%, d, = 107, and my = 100. The
process was terminated if the objective function exceeded 103, the variable
p changed by less than 1079, or the iteration count exceeded 100.

Multiple initializations were tested for each configuration to evaluate
CLRA’s robustness against initialization variations. For a specific config-
uration, only one initialization for the microphones’ start times and sources’
emission times is required. However, some random initializations may not
achieve the globally optimal solution for UTIm. To demonstrate the perfor-
mance, the recovery rate (Rr(M, N)) was calculated as:
SN Ny (M, N)

=1
L,(M,N)Nc¢(M,N) "’
where Ne;(M, N) represents the number of globally optimal solutions for
the i-th configuration, N¢(M, N) is the total number of configurations, and
I,(M, N) is the total initializations for each configuration.

Microphone sampling rates, typically below 100 kHz, introduce errors in
TOA (or TDOA) of approximately 10~°s when using GCC-PHAT [10]. For
example, a sampling rate of 44.1 kHz can introduce an error of 1.2798 x 10~ °s.
Based on this principle, UTIm recovery is deemed successful if the difference
between the estimation and ground truth is less than 10~%s. The error metric
(er) is defined as:

Rr(M,N) = (31)
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er = M + N ’ ( )

where §; and 7; are the ground truth values, and 5; and 7?73- are the estimated
values.
To assess robustness across configurations, the convergence rate (Cr(M, N))
is defined as: Ce(M. N)
6 Y
CT(MJV)—W, (33)
_ ~=Ne(M,N) :

where Ce(M,N) =>". sr; counts the number of successful recoveries,
and sr; = 1 at least one initialization succeeds in the ¢ — th configuration,
otherwise, sr; = 0. The convergence rate approaches 100% when the number
of microphones or sources is sufficient, demonstrating the robustness of the
proposed CLRA even under suboptimal configurations.

7.2. Parameters Analysis

This subsection analyzes the parameter settings of the three proposed
LRP variants within CLRA. We denote the variants as: (1) CLRA1 when
a = =0 (LRP+LRPV3), (2) CLRA2 when @ = v = 0 (LRP+LRPV2),
and (3) CLRA3 when g = v = 0 (LRP+LRPV1). We set N.(M,N) = 10
configurations and I,,(M, N) = 100 initializations per configuration, yielding
1000 implementations for fixed M and N to assess parameter effects.

As shown in Fig. 1, =0 in C1 and a = 0 in C2; in C3, both a and
are zero. Even when o = 8 = 0, CLRA applies to different (M, N) because
LRPV3 remains low-rank in C1-C3. Accordingly, we evaluate CLRA1 by
varying A and v (Eq. (27)) under (C1) (M, N) = (15,8), (C2) (8,15), and
(C3) (10,10). We then analyze g for CLRA2 with (M, N) = (15,8), and «
for CLRA3 with (M, N) = (8,15).

(1) Parameters A and 7 analysis for proposed CLRA1: We set parameters
A = 10" and v = 107" for proposed CLRA1 in Eq. (27) and vary both \*
and v* from 1 to 15. Fig. 2 shows the effect of \* and ~+* on proposed
CLRA1 with different number of microphones and sources. As can be seen
from Fig. 2 (left and middle sub-figures), the effects of parameters A* and
~* on the recovery rate of CLRA1 is similar, when both A\* and v* are small
(less than 5), the recovery rate is almost 0%, and when A* > 5 and * < \*,
the recovery rate is larger than 0%. This indicates that A* and ~+* have a
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Figure 2: The parameters impact (A* for LRP and v* for LRPV3) on proposed CLARI in
terms of recovery rate with three different cases (Left: M = 10, N = 10; Middle: M = 15,
N = 8; Right: M =8, N = 15).

joint effect on proposed CLRA1. In addition, we can see that when \* = v*,
the peaks regarding recovery rate are achieved.

Besides, from right subfigure in Fig. 2, we can see that when \* is less
than 8, the recovery rate for proposed CLRA1 is almost 0%, and when \* > 8
and v* < A\* 4+ 2, the recovery rate is larger than 0%. In addition, the peaks
regarding recovery rate are obtained when \* = ~* 4+ 3. Thus, if there is no
special mention, we set the following parameters for proposed CLRAT, i.e.,
A* =10 and v* = 10 in both C1 and C3, \* = 12 and v* =9 in C2.

(2) Parameter § analysis for proposed CLRA2: We set parameter \ =
10'° and analyze the effect of parameter 3 on CLRA2. Denote 8 = 107" and
we vary [* from 1 to 15, then Fig. 3 plots the recovery rate of proposed
CLRA2 when (* varies. It can be seen that §* has a big effect on the
performance of proposed CLRA2. In details, when * is small (less than
8), the recovery rate is stable (about 8%) and when (* reaches to 11, the
proposed CLRA2 can achieve about 28% recovery rate, then the recovery rate
decreases once 3* increases further. Thus, we set §* = 11 for the proposed
CLRAZ2 if there is no special mention.

(3) Parameter « analysis for proposed CLRA3: We set parameter \ =
10" and analyze the effect of parameter & on CLRA3. Denote v = 10*" and
we vary o from 1 to 15. It can be seen from Fig. 3 that the parameter
o also has a big effect on proposed CLRA3. In details, when a* < 9, the
recovery rate of proposed CLRA3 is stable (about 17%), then the recovery
rate increases once the value of a* continues to increase, and we can see that
the proposed CLRA3 can reach about 37% recovery rate when o* = 11, thus,
we choose o = 11 for proposed CLRA3 if no special mention.

18



40

20

Rr (%)

0 5 10 15
o, B*

Figure 3: The effect of * on CLRA2 with M = 8, N = 15 and a* on CLRA3 with
M =15, N =8.

7.3. Comparison of the Performance for Low-Rank Properties

This subsection shows the performance of the proposed CLRA methods
in comparison with the STLS [23, 37, 38|.

Upon examining the linear constraints in Eq. (20) formulated by LRP, it
is evident that the number of equations, given by (M — 1)(N — 1 — 3), must
be greater than or equal to the number of unknowns, expressed as 3(N —1—
3)+ M + N — 1. This requirement leads to the condition (M —5)(N —5) > 8,
which indicates that the minimal number of microphones required for UTIm
is 6, 7, or 8, while the minimal number of sources is 13, 9, or 8, respectively,
depending on the specific configuration. Similarly, the reverse is also true.
Since proposed three variants of LRP are the additional LRP for UTIm based
on LRP, thus, they should also follow the lower boundary of M and N for
UTIm estimation with their corresponding additional constraints.

The parameter A = 10'° for STLS in Eq. (27) (y = a = 8 = 0). For
the proposed CLAR method that combines one proposed low-rank property
with LRP, i.e., CLRA1, CLRA2 and CLRA3, the parameters are illustrated
already in Subsection 7.2. For the proposed CLAR method that utilizes all
the four low-rank properties, we categorize them as three cases (see Fig. 1),
(1) C3: the parameters A and v of proposed CLRA in Eq. (27) (« = 5 =0)
are set to be 10'° and 10'°, respectively. (2) Cl: we set the parameters
A =10 ~v = 10" and a = 10" for proposed CLRA in Eq. (27) (8 = 0).
(3) C2: we set the parameters A = 10!, v = 10 and 3 = 10" for proposed
CLRA in Eq. (27) (a = 0). Besides, we vary both M and N from 1 to
15, and for each pair of fixed M and N, we the number of configuration
N.(M,N) =200 and the number of initializations I,,(M, N) = 100 for each

configuration.
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Figure 4: The performance comparison for STLS and proposed CLRA (CLARIL: a = =
0; CLAR2: « = =0; CLAR3:8 = v = 0) in terms of recovery rate.

7.8.1. Comparison of Recovery Rate

Fig. 4 compares the recovery rates of the proposed CLRA methods with
STLS.

For STLS, the recovery rate is about 0% when M < 6 or N < 6. When
M >T7and N > 7, it ranges from 0% to 28%.

For CLRA1, the recovery rate matches STLS when M < 6 or N < 5.
However, for M = 7, N > 10, it ranges from 0% to 8%, outperforming STLS.
Additionally, when M > 14, N = 6, CLRA1 achieves about 1%, while STLS
remains at 0%. For M > 12, N > 8, CLRA1 outperforms STLS by 10%-20%.

For CLRAZ2, which applies when N > M + 3 and M > 4, it achieves
2%-4% recovery rates for M = 6, N > 13, exceeding STLS. When M > 7
and N > M + 3, particularly for 7 < M < 10, N = 15, CLRA2 surpasses
STLS by 18%-27%.

For CLRA3, valid when M > N + 3 and N > 4, it achieves 2%-4%
recovery rates for N = 6, M > 13, exceeding STLS. When N > 7, M > N+3,
particularly for M = 15,7 < N < 10, CLRA3 outperforms STLS by 12%-—
19%.

Finally, the combined CLRA method (LRP with LRPV1, LRPV2, and
LRPV3) consistently achieves higher recovery rates than STLS for M >
5, N > 5. Combining all three variants further improves performance com-
pared to using a single variant. These results validate the effectiveness of the
proposed LRPV1, LRPV2, and LRPV3.

7.3.2. Comparison of Convergence Rate

Fig. 5(a) illustrates the convergence rate for STLS, while Fig. 5(b) shows
the percentage point differences between STLS and the proposed CLRA
methods.

For STLS, the convergence rate is 0% when M < 7 or N < 6, but
increases with larger M and N. Notably, when M > 13 and N > 12, the
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Figure 5: The performance comparison for STLS and proposed CLRA in terms of (a)
convergence rate; and (b) percentage point of convergence rate, where CLARL: a« = § =0,
CLAR2: o =+ =0, CLAR3: g =+~ =0, pp: percentage point.

convergence rate exceeds 90%.

For CLRA1, when M < 6 or N < 6, the convergence rate matches STLS
at 0%. However, for M > 10 and N > 9, CLRA1 surpasses STLS by 2%
18%. In the range 6 < M < 9 or 5 < N < 8, CLRA1 achieves 6%58%
higher rates, validating the effectiveness of LRPV3 and CLRAT.

For CLRA2, when M = 6, N > 12, the convergence rate is 28%—-63%
higher than STLS. For M > 7and N > M+3, particularly when M =7, N >
10, CLRA2 exceeds STLS by 11%-50%. These results validate LRPV2 and
CLRA2.

For CLRA3, when N = 6, M > 12, the convergence rate is 32%-58%
higher than STLS. Similarly, for N > 7 and M > N + 3, especially when
N =T7,M > 11, it exceeds STLS by 32% 58%. For N > 8 M > N + 3,
the improvement ranges from 14%-19%. These results validate LRPV1 and
CLRAS3.

Finally, the combined CLRA method (LRP with LRPV1, LRPV2, and
LRPV3) achieves better convergence rates than STLS for M > 5, N > 5.
Furthermore, combining all three low-rank properties with LRP outperforms
combining a single property, further validating LRPV1, LRPV2, and LRPV3.
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7.4. Computational Complezity Analysis

In this subsection, we analyze the computational complexity of the pro-
posed CLRA method and the STLS method (using only LRP) [37, 23, 38].

Both methods rely on Gauss-Newton optimization. The most compu-
tationally intensive part is the update of the variable p (see Equation (30)
and Algorithm). The operations in Equation (30) involve: 1) Computing
the product of two Jacobian matrices J (m)" g (m); 2) Inverting the matrix
(Jm" o) =1 3y Multiplying (J" J0) =1 with JO0m"

For LRP only, the variable p has three sub-variables: 5, 7, and X. The
Jacobian size is: - Rows: Jy, = (M —1)(2(N —1)—3) - Columns: J; ., = M —
324+ (3+1)(N —1). The complexity is: O(jicjl,r) for matrix multiplication,
O(J3},) for matrix inversion, and O(J2,.J; ) for final multiplication.. Thus,
LRP’s complexity is: O(min(J2.J, ., J},)).

For the CLRA method, the complexity depends on the number of micro-
phones and sources, divided into three cases: C1, C2, and C3.

Case C3: Using LRP and LRPV3, the variable p has four sub-variables:
6,7, X, and Y. The Jacobian size is: - Rows: Ji4, = (M —1)(6(N — 1) —
3 — My) - Columns: Jy4, = M — 32— M% + (3+ 1+ 2My)(N —1). The
complexity is: O(min(jf“jl#;,r, ji4,c))‘

Case C1: Using LRP, LRPV1, and LRPV3, p has five sub-variables: 5,
7, X, Y, and Z. The Jacobian size is: - Rows: Jy 94, = (M —1)(7(N —1) —
23— My) - Columns: Jy 40 = M — 232 — M2 + (3+ N +2My)(N —1). The
complexity is: O(min(J2, , Jio2as Jig4e))-

Case C2: Using LRP, LRPV2, and LRPV3, p has five sub-variables: 5 ,
7, X, Y, and W. The Jacobian size is: - Rows: Jy 94, = (M —1)(7(N —1) —
3—My)— (N —1)3 - Columns: Jyg4.= M —32— M2+ (3+142My)(N —
1)+ (M —1-3)(M —1+3). The complexity is: (’)(min(jiz’&cjl’g,“, jf73,47c)).

Complexity Differences: The differences in these four complexities
are:

Jrar — J1p = 2(M - 1)<2(N - 1) - MN)
Jioay = Jrae = (M —1)(N —1-3)
J17374’7= - :]17477» — (N i 1)(M - 1 - 3)
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Figure 6: The running time for proposed CLRA methods in comparison with STLS.

and
Jiae — Jie = My(2(N — 1) — My)
j1,2,4,c — j1,4,c =(N—-1+3)(N-1-3)
Jisae—Jiae=(M—1+3)(M—1-3)

With one additional proposed rank properties (such as LRPV1, LRPV2,
or LRPV3), the computational complexity also increases due to the grow-
ing size of the Jacobian matrix. Thus, we evaluate the running time of
the proposed CLRA methods and compare them with STLS [23, 38] across
three scenarios (C1, C2, C3). For M microphones and N sources, we use
N.(M,N) = 50 configurations and [,,(M, N) = 100 initializations per con-
figuration, totaling 5000 implementations.

Fig. 6(a) shows that for M=10, N=10 (C3), CLRA (LRP+LRPV3) is
slightly slower than STLS (3-110 ms) but remains below 150 ms per imple-
mentation. For M=15 N=8 (C1), Fig. 6(b) indicates that STLS stays fast
(3-100 ms), while CLRA variants using LRPV1/LRPV3 run longer (CLRA1
median > CLRA3), and CLRA is below 300 ms. Fig. 6(c) presents the
M=8, N=15 (C2) case (LRPV2/LRPV3), with runtimes comparable to (b)
and all methods finishing within 900 ms.

Overall, adding LRPV1/LRPV2/LRPV3 increases the Jacobian size rela-
tive to STLS (LRP only), but the measured runtimes remain practical (below
150/300/900 ms for C3/C1/C2). This extra cost yields improved accuracy
and robustness (Subsection 7.5); thus, STLS suits resource-limited or coarse
estimation, whereas CLRA is preferable under asynchronous and noisy con-
ditions.

7.5. Comparison with Other Methods and Robustness Analysis

In this subsection, we present a unified evaluation that includes: (1)
a performance comparison between the proposed CLRA method and the
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auxiliary function-based algorithm [12] (hereafter referred to as Ono) on the
simulation dataset; and (2) a robustness analysis in which additive noise
is injected into the TOA (or TDOA) measurements on both the realistic
simulation dataset and the real dataset, with additional comparisons against
SDP and SDP+LM [31]. Specifically, (1) Realistic Simulation Data:
microphone and source locations were randomly generated in a 5m x 5m X
3m room. Audio signals (sampling rate 48 kHz; speed of sound 340m/s)
were generated in MATLAB [10], and TOA (or TDOA) measurements were
computed using GCC-PHAT, resulting in an average error of 5 x 107¢s. (2)
Real Data: this dataset [43] was collected in a 5m x 5m x 3m office using
12 fixed microphones (sampling rate 96 kHz) and a loudspeaker, yielding an
average TOA (or TDOA) error of 1 x 10™*s.

7.5.1. Comparison with Ono

The experiments are conducted across three different cases, namely C1,
C2, and C3. For each configuration, given M microphones and N sources,
we set the number of configurations N.(M, N) = 50, and the number of ini-
tializations I,,(M, N) = 50, resulting in a total of 2500 implementations for
each pair of M and N. This experimental design allows for a comprehensive
evaluation of the method’s performance under random initializations. Addi-
tionally, for the Ono algorithm [12], the maximum iteration number of each
implementation is set to 2 x 10°.

Fig. 7(a) presents the recovery rates obtained from 50 random initializa-
tions for each configuration. As shown in the figure, in all three cases (C1:
M =15, N =8 and M =20, N =14; C2: M =8, N =15 and M = 14,
N =20; C3: M =10, N = 10 and M = 18, N = 18), the recovery rate
achieved by the Ono algorithm is always zero, indicating its inability to re-
cover the global optima under these conditions. In contrast, both STLS and
CLRA show improving recovery rates as M and N increase. Moreover, the
recovery rate achieved by STLS is consistently higher than that of Ono.

Notably, for fixed values of M and N, the CLRA method outperforms
STLS in terms of minimal, maximal, and median recovery rates. These re-
sults underscore the robustness of CLRA, as it consistently achieves higher re-
covery rates across all trials, even under random initializations. This demon-
strates the effectiveness of the proposed CLRA method in overcoming the
challenges posed by random initialization, further verifying its potential to
achieve global optima.
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and proposed CLRA.

7.5.2. Robustness analysis

To evaluate the robustness of the proposed CLRA, Gaussian noise with
zero mean and standard deviations o = {1072,107% ..., 1078} was added to
TOA (or TDOA) measurements. Experimental setups from Subsection 7.1
were used, with N.(M, N) = 50 configurations and I,,(M, N) = 50 initializa-
tions, resulting in 2500 implementations for each M, N. Estimation errors
(er) were categorized as er < 10™%s (corresponding to 0.034m distance er-
rors, acceptable for localization) and 107*s < er < 107%s (3.4m distance
errors, significantly affecting localization).

Fig. 7(b) shows that for o > 1079 both STLS and CLRA achieve no
results with er < 107%s. For ¢ < 1075 CLRA significantly outperforms
STLS. For example, when M = 15, N = 8, CLRA achieves 40% accuracy
for er < 10™*s, compared to 6% for STLS. Moreover, CLRA consistently
achieves better results for 107%s < er < 1072s, indicating fewer instances
where er > 107 2s.

In addition to simulation data, robust analyses were conducted using
two additional datasets. For both datasets, I,,(M, N) = 100. Fig. 8 shows
that due to larger noise (¢ > 1075s), most er > 10~%s, causing significant
localization errors. However, CLRA consistently achieves lower errors than
STLS, highlighting its potential for real-world applications.

With the added baselines SDP and SDP+LM [31], CLRA remains the
best performer overall, yielding the smallest median errors and the tightest
dispersion across noise levels. The advantage is most evident at higher o,
where CLRA produces fewer large-error outliers than STLS and SDR-based
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Figure 8: Estimation errors for UTIm achieved by STLS, SDP, SDP+LM and proposed
CLRA with different additional noises in TOA (or TDOA) measurements.

methods. These results validate CLRA’s applicability in domains such as
smart homes, where precise synchronization enhances voice-activated sys-
tems, and emergency response, aiding in sound source localization under
challenging conditions.

While our robust analysis incorporates realistic simulation and real-world
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datasets, there remain certain limitations in replicating the full complexity
of dynamic acoustic environments. Future work will extend this study to
include: (1) Validation in dynamic scenarios, such as moving sound sources
or microphones. (2) Testing in more diverse environments, such as outdoor
or industrial settings, to evaluate the impact of varying reverberation and
noise levels. (3) Larger-scale experiments with extended microphone arrays
to explore scalability and robustness in more complex networks.

8. Conclusion

In this paper, the main focus is to estimate the UTIm in TOA (or TDOA)
measurements, used for synchronizing microphones and sources in ad-hoc
WASN. By studying basic LRP of UTIm in TOA (or TDOA), three new
variants of LRP were proposed to exploit more low-rank structure rank in-
formation of UTIm in TOA (or TDOA), and a proof was given for proposed
three variants of LRP. Then, by utilizing the low-rank structure information
revealed by proposed three variants of LRP together with LPR for allow-
ing to constrain the UTIm, we proposed combined low-rank approximate
method to estimate UTIm. Experimental results showed better performance
of proposed combined low-rank approximate method than state-of-the-arts in
terms of both the recovery and convergence rate as well as estimation errors,
this verified low-rank structure information exploited by proposed three vari-
ants of LRP for estimation of UTIm. In addition, the proposed three variants
of LRP can also be applied to the other asynchronous applications of wireless
sensor network if the audio information is replaced by radio signals.
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