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 a b s t r a c t

Wireless Acoustic Sensor Networks (WASNs) designed for joint localization of acoustic sources and microphones 
are increasingly utilized in applications such as intelligent speech interfaces, environmental monitoring, and 
robotic audition. However, uncertainties in timing information-such as imprecise microphone recording start 
times and unknown acoustic source emission times-pose significant challenges, particularly in ad-hoc WASNs. 
Traditional optimization methods typically address these issues by explicitly estimating unknown timing infor-
mation (UTIm) to synchronize sensors and sources. In contrast, the Low-Rank Property (LRP) based methods 
exploit an inherent low-rank structure to impose linear constraints on UTIm, facilitating globally optimal so-
lutions given proper initialization. Nonetheless, these methods often rely on random initialization, leading to 
convergence toward suboptimal local minima. Targeting this challenge, this paper introduces a novel combined 
low-rank approximation (CLRA) method to synchronize microphones and sources, mitigating random initializa-
tion effects. We present three new LRP variants, mathematically proven to enhance the UTIm with richer low-rank 
structural information. Using this augmented information, we formulate four linear constraints on UTIm and em-
ploy the CLRA algorithm to derive globally optimal solutions. Experimental results show our method outperforms 
state-of-the-art approaches in both recovery number and reduced estimation errors of UTIm.

1.  Introduction

Speech signals, as a natural and intuitive way for the development 
of human-machine interfaces, have garnered significant interest in the 
wireless communications network [1]. By incorporating microphones 
into ad-hoc wireless acoustic sensor network (WASN), we can utilize 
WASN in applications such as smart phone [2], environmental monitor-
ing [3], smart city [4], health monitoring [5], etc. Among these applica-
tions, the design of local positioning systems has been significantly ad-
vanced by the use of location information over the past decade, driven 
by its potential for developing ambient intelligence applications [6]. 
For instance, in the applications of ambient-assisted living, the utiliza-
tion of location information enables the living environment safer, eas-
ier and more comfortable [6]. Additionally, microphone tends to be 
lightweight, smaller and less intrusive than the video camera [6].
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Time of arrival (TOA) and time difference of arrival (TDOA) [7,8] 
measurements are two typical information for localizing both mi-
crophones and sources in ad-hoc WASN. Specifically, the TOA mea-
surements between individual microphones and sources are obtained 
through cross-correlation when the waveform of the source signal is 
known beforehand, such as its amplitude, frequency, and duration [9]. 
Additionally, the TDOA of a pair of microphones with respect to the 
corresponding source are determined by performing cross-correlation 
on the two corresponding microphone signals when the waveform of 
the source signal is unknown [10]. When microphones and sources are 
synchronized, meaning their recording start time and emission time 
align, the time difference between the emission of an audio signal by 
the source and its reception by a microphone is measured using TOA 
[11]. Similarly, TDOA measures the delay between a pair of micro-
phones receiving corresponding audio signals [12]. Therefore, accurate
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$(\mathbf {J}^{(m)^T} \mathbf {J}^{(m)})^{-1}$


$(\mathbf {J}^{(m)^T} \mathbf {J}^{(m)})^{-1}$


$\mathbf {J}^{(m)^T}$


$\mathbf {p}$


$\mathbf {\dot {\delta }}$


$\mathbf {\dot {\eta }}$


$\mathbf {X}$


$\hat {J}_{1,r}=(M-1)(2(N-1)-3)$


$\hat {J}_{1,c}=M-3^2 + (3+1)(N-1)$


$\mathcal {O}(\hat {J}_{1,c}^2 \hat {J}_{1,r})$


$\mathcal {O}(\hat {J}_{1,c}^3)$


$\mathcal {O}(\hat {J}_{1,c}^2 \hat {J}_{1,r})$


$\mathcal {O}(\min (\hat {J}_{1,c}^2 \hat {J}_{1,r}, \hat {J}_{1,c}^3)).$


$\mathbf {p}$


$\mathbf {\dot {\delta }}$


$\mathbf {\dot {\eta }}$


$\mathbf {X}$


$\mathbf {Y}$


$\hat {J}_{1,4,r}=(M-1)(6(N-1)-3-M_N)$


$\hat {J}_{1,4,c}= M-3^2-M_N^2+(3+1+2M_N)(N-1)$


$\mathcal {O}(\min (\hat {J}_{1,4,c}^2 \hat {J}_{1,4,r}, \hat {J}_{1,4,c}^3)).$


$\mathbf {p}$


$\mathbf {\dot {\delta }}$


$\mathbf {\dot {\eta }}$


$\mathbf {X}$


$\mathbf {Y}$


$\mathbf {Z}$


$\hat {J}_{1,2,4,r} = (M-1)(7(N-1)-23-M_N)$


$\hat {J}_{1,2,4,c} = M-23^2-M_N^2+(3+N+2M_N)(N-1)$


$\mathcal {O}(\min (\hat {J}_{1,2,4,c}^2 \hat {J}_{1,2,4,r}, \hat {J}_{1,2,4,c}^3)).$


$\mathbf {p}$


$\mathbf {\dot {\delta }}$


$\mathbf {\dot {\eta }}$


$\mathbf {X}$


$\mathbf {Y}$


$\mathbf {W}$


$\hat {J}_{1,2,4,r} = (M-1)(7(N-1)-3-M_N)-(N-1)3$


$\hat {J}_{1,2,4,c} = M-3^2-M_N^2+(3+1+2M_N)(N-1)+(M-1-3)(M-1+3)$


$\mathcal {O}(\min (\hat {J}_{1,2,4,c}^2 \hat {J}_{1,3,4,r}, \hat {J}_{1,3,4,c}^3)).$


\begin {align*}\begin {cases} \hat {J}_{1,4,r}-\hat {J}_{1,r} = 2(M-1)(2(N-1)-M_N) \\ \hat {J}_{1,2,4,r}-\hat {J}_{1,4,r} = (M-1)(N-1-3) \\ \hat {J}_{1,3,4,r}-\hat {J}_{1,4,r} = (N-1)(M-1-3) \end {cases}\end {align*}


\begin {align*}\begin {cases} \hat {J}_{1,4,c}-\hat {J}_{1,c} = M_N(2(N-1)-M_N) \\ \hat {J}_{1,2,4,c}-\hat {J}_{1,4,c} = (N-1+3)(N-1-3) \\ \hat {J}_{1,3,4,c}-\hat {J}_{1,4,c} = (M-1+3)(M-1-3) \end {cases}\end {align*}


$M$


$N$


$N_c(M,N)=50$


$I_n(M,N)=100$


$M{=}10, N{=}10$


$M{=}15, N{=}8$


$>$


$M{=}8, N{=}15$


$5\,\mathrm {m} \times 5\,\mathrm {m} \times 3\,\mathrm {m}$


$48\,\mathrm {kHz}$


$340\,\mathrm {m/s}$


$5 \times 10^{-6}\,\mathrm {s}$


$5\,\mathrm {m} \times 5\,\mathrm {m} \times 3\,\mathrm {m}$


$96\,\mathrm {kHz}$


$1 \times 10^{-4}\,\mathrm {s}$


$M$


$N$


$N_c(M,N)=50$


$I_n(M,N)=50$


$M$


$N$


$2 \times 10^5$


$M=N=10$


$M=N=18$


$M=15$


$N=8$


$M=20$


$N=14$


$M=8$


$N=15$


$M=14$


$N=20$


$er<10^{-4}s$


$10^{-4}s\leq er <10^{-2}s$


$M=15$


$N=8$


$M=20$


$N=14$


$M=8$


$N=15$


$M=14$


$N=20$


$M=10$


$N=10$


$M=18$


$N=18$


$M$


$N$


$M$


$N$


$\sigma = \{10^{-2}, 10^{-3}$


$,\ldots , 10^{-8}\}$


$N_c(M, N) = 50$


$I_n(M, N) = 50$


$M, N$


$er$


$er < 10^{-4}s$


$0.034m$


$10^{-4}s \leq er < 10^{-2}s$


$3.4m$


$\sigma > 10^{-6}$


$er < 10^{-4}s$


$\sigma \leq 10^{-6}$


$M = 15$


$N = 8$


$er < 10^{-4}s$


$10^{-4}s \leq er < 10^{-2}s$


$er > 10^{-2}s$


$I_n(M, N) = 100$


$\sigma > 10^{-6}s$


$er > 10^{-4}s$


$\theta $
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estimation of TOA and TDOA [7,8] measurements is a critical prerequi-
site for various applications in ad-hoc WASN, such as microphones array 
calibration [13,14], source localization and tracking [15,16], joint mi-
crophones and sources localization [17–20], and simultaneous localiza-
tion and mapping [21,22]. However, the accurate estimation of TOA and 
TDOA is complicated by the presence of unknown timing information 
(UTIm) arising from asynchronous microphones and sources within ad-
hoc WASN in real-world applications. This lack of synchronization in the 
start times of microphones and emission times of sources is a significant 
challenge that undermines the reliability and accuracy of localization 
and tracking systems [23].

Existing methods [23–25] to synchronize microphones and sources 
in ad-hoc WASN by estimating UTIm primarily fall into two categories. 
The first category relies on direct optimization methods, including max-
imum likelihood estimation [24] and distributed damped Newton op-
timization [25]. Despite their popularity, these methods require both 
TDOA and angle of arrival information [26] and their applications can 
be limited in certain scenarios. The second category [23,27] hinges on 
exploiting the low-rank property (LRP) [28], where the low-rank struc-
ture information of UTIm is used to formulate linear constraints for 
UTIm estimation. The effectiveness of this method is often hindered by 
unknown and random initialization of UTIm, leading to local (subopti-
mal) minimal values and thus limited recovery rate (the ratio of number 
for successful initializations to all initializations in one configuration) 
and convergence rate (the ratio of number for successful recovery con-
figurations to number of all configurations), particularly when there is 
noise in TOA measurements.

Drawing upon our prior work [29], which highlighted the sufficiency 
of microphone signals alone for localizing asynchronous microphones 
and sources within an ad-hoc WASN, we delve deeper into the relation-
ship between TOA and TDOA formulas in our previous work [29] by pre-
senting a novel mapping function. More specifically, expanding on the 
significant alignment between the transformations of TOA and TDOA 
measurements discovered in our previous research, we imply that the 
low-rank structure information exploited between UTIm and TOA could 
be similarly applied to TDOA, suggesting the distances between micro-
phones and sources can be acquired once the UTIm in TOA or TDOA is 
estimated.

In this paper, we introduce the combined low-rank approximation 
(CLRA) method to estimate UTIm in both TOA and TDOA. This method 
integrates the linear constraints formed by LRP with three new vari-
ants of LRP designed to exploit more low-rank structure information of 
UTIm. Then, by using these four linear constraints to restrict UTIm, our 
CLRA method seeks a global optimization solution for UTIm estimation, 
improving both convergence and recovery rates while reducing estima-
tion errors in noise environment. In addition, alongside presenting this 
novel method, we provide a mathematical proof for the proposed LRP 
variants, reinforcing the theoretical foundation of our approach. This 
paper, therefore, not only uncovers a novel methodology for UTIm es-
timation but also presents robust evidence to validate its effectiveness. 
This study thus serves as a significant advancement in the realm of ad-
hoc WASN, paving the way for more accurate and efficient methods for 
estimating UTIm. The key contributions of our study are as follows:

• Three novel low-rank properties are presented to leverage the low-
rank structure between TOA (or TDOA) and UTIm, with rigorous 
mathematical proofs supporting their validity.

• A CLRA method is proposed to achieve global solutions for synchro-
nizing microphones and sources by accurately estimating the start 
times of microphones and the emission times of sources.

• The introduced rank properties offer potential applicability to other 
domains facing similar synchronization challenges, such as radio sig-
nals, and can contribute to a wide range of technological and engi-
neering applications.
This paper is organized as follows. Section 2 reviews previous re-

search on estimating UTIm using both TOA and TDOA measurements. 

Sections 3 and 4 present the problem formulation and preliminary con-
cepts, respectively. Sections 5 and 6 introduce the proposed Low-Rank 
approach along with its underlying mathematical principles. Section 7 
demonstrates experimental results and includes benchmark compar-
isons. Finally, Section 8 concludes the paper by summarizing the key 
findings.

2.  State of the art

This section reviews the latest methods for estimating UTIm in both 
TOA and TDOA measurements, used for synchronizing microphones 
and sources in ad-hoc WASN. As stated early in Section 1, the meth-
ods for UTIm estimation are categorized into two groups, i.e., direct 
optimization and LRP-based [28]. Among the direct optimization tech-
niques, probabilistic generative model [30] estimates sources emission 
time by using TOA measurements. However, this model ignores the start 
time of microphones in TOA measurements. To eliminate UTIm in TOA 
measurements, one work introduces Gram matrices [31], assuming that 
the center point among microphones and sources is known. Nonethe-
less, this assumption does not hold for microphones array applications. 
Maximum likelihood estimation [32] assumes co-located sources and 
microphones and estimates their locations and microphone start time 
using either TOA or TDOA information. In addition, optimal solutions 
are derived through close form equations in this case [32]. Auxiliary 
function-based approach [12] uses TDOA information to estimate the 
locations and microphone time offset, showing better convergence prop-
erties. Some approaches, such as maximum likelihood estimation [24] 
and distributed damped Newton optimization [25], combine TDOA with 
angle of arrival (AOA) measurements to estimate UTIm. However, these 
approaches require both TDOA and AOA measurements and this is not 
usually satisfied in many scenarios. Among the first group of meth-
ods reviewed, only auxiliary function approach [12] presents a general 
method while others require additional geometric constraints on the lo-
cation of microphones and sources or assume the start or emission time 
to be known or necessitate more measurements.

Regarding the LRP-based methods for estimating UTIm [28], they are 
categorized into three algorithms: alternating minimization (AM) [33,
34], nuclear truncation minimization (NTM) [35,36], and structure total 
least square (STLS) [23,37–40]. Of these algorithms, the STLS method is 
over 100 times faster than both AM and NTM. Besides, by denoting the 
time offset of the microphones in TDOA as the pseudo-start time of the 
microphones and the distance (divided by the speed of sound) between 
the first microphone and the corresponding source as the pseudo-source 
emission time [31], the LRP [28] is being used to estimate UTIm with 
TDOA information. In our previous work [29], we demonstrated that the 
transformations of both TOA and TDOA measurements are identical to 
one another, showing the UTIm in TOA and TDOA are the same as each 
other. Therefore, the values of variable in the low-rank matrix exploited 
by LRP with TDOA measurements can be equivalent to those in the low-
rank matrix exploited by LRP with TOA information.

In summary, various methods are proposed to estimate UTIm us-
ing TOA or TDOA measurements. Among these methods, the auxiliary 
function-based algorithm [12] and LRP-based methods [33] are promis-
ing due to their consideration for a general formulation. However, LRP-
based [28] methods are found to have better recovery and convergence 
rates with less estimation errors of UTIm than the auxiliary function-
based algorithm [12]. In addition, by using LRP [28], STLS is found to 
be 100 times faster than AM [33,34] and NTM [35,36]. Nevertheless, 
with LRP only, resulting in a risk of solutions getting stuck in local min-
ima. To address this issue, this paper proposed three variants of LRP that 
exploit more of the low-rank structure information pertaining to UTIm 
in TOA or TDOA. The proposed CLRA uses both LRP and the correspond-
ing three new variants to constrain UTIm, allowing for a global solution 
to be found. Therefore, the proposed CLRA method helps improve the 
recovery and convergence rate while also reducing estimation errors of 
UTIm.
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3.  Problem formulation

Assuming there are 𝑀 microphones and 𝑁 sources lo-
cated at unknown locations 𝐑 =

[

𝐫1, 𝐫2, … , 𝐫𝑀
]

3×𝑀  and 
𝐒 =

[

𝐬1, 𝐬2, … , 𝐬𝑁
]

3×𝑁 , respectively, where 3 represents the 
3 dimensional space (For ease of reference, all notations are listed 
in Table 1 in Supplementary Material). Then, if there is a fundamental 
control centre for both microphones and sources, the microphones and 
sources can be synchronized, i.e., both the emission time of sources 
and the microphones start time are known. Thus TOA (𝐭𝑖,𝑗 =

‖𝐫𝑖−𝐬𝑗‖
𝑐 ) 

between 𝑖𝑡ℎ microphone and 𝑗𝑡ℎ source is obtained with the received 
microphone signal and known waveform of source signal [41] (Note 
that ‖ ∙ ‖ and 𝑐 are the 𝑙2 norm and speed of sound, respectively.) 
Similarly, TDOA (𝛇𝑖,𝑗 =

‖𝐫𝑖−𝐬𝑗‖−‖𝐫1−𝐬𝑗‖
𝑐 ) between the 1st microphone and 

the 𝑖𝑡ℎ microphone with respect to 𝑗𝑡ℎ source is obtained using the 
received signals from a pair of microphones [10]. However, usually 
the microphones and sources are asynchronous [29,31,38], resulting in 
the emission time of sources and the start time of microphones being 
unknown.

If microphones and sources are asynchronous and the waveform of 
source signal is known, TOA between microphone and source is incom-
plete because of the UTIm. Denote 𝛅 =

[

𝛅1, 𝛅2, … , 𝛅𝑀
]𝑇  and 

𝛈 =
[

𝛈1, 𝛈2, … , 𝛈𝑁
]𝑇  where 𝛅𝑖 and 𝛈𝑗 are the unknown start 

time of 𝑖𝑡ℎ microphone and unknown emission time of 𝑗𝑡ℎ source, re-
spectively (𝑖 and 𝑗 range from 1 to 𝑀 and 1 to 𝑁 , respectively). Then 
the TOA between microphones and sources is

𝐭𝑖,𝑗 =
‖𝐫𝑖 − 𝐬𝑗‖

𝑐
+ 𝛈𝑗 − 𝛅𝑖. (1)

If microphones and sources are asynchronous and the waveform of 
source signal is unknown, then TDOA is available and the received 
signals from a pair of microphones are utilized for TDOA estimation 
with the method of cross-correlation [10]. Thus the relationship be-
tween TDOA and the location of microphones and sources is displayed 
as [31,37] 

𝛇𝑖,𝑗 = 𝐭𝑖,𝑗 − 𝐭1,𝑗 =
‖𝐫𝑖 − 𝐬𝑗‖ − ‖𝐫1 − 𝐬𝑗‖

𝑐
+ 𝛅1 − 𝛅𝑖 =

‖𝐫𝑖 − 𝐬𝑗‖
𝑐

−
‖𝐫1 − 𝐬𝑗‖

𝑐
+ 𝛅′𝑖 , (2)

where 𝛅′𝑖 is the time offset between the 𝑖𝑡ℎ microphone and 1st micro-
phone.

Denote ̂𝛈𝑗 = − ‖𝐫1−𝐬𝑗‖
𝑐  and ̂𝛅𝑖 = −𝛅′𝑖 , TDOA formula in Eq. (2) is rewrit-

ten as [31,37]

𝛇𝑖,𝑗 =
‖𝐫𝑖 − 𝐬𝑗‖

𝑐
+ 𝛈̂𝑗 − 𝛅̂𝑖, (3)

which shares the same structure with the TOA formula in Eq. (1).
By using TOA information 𝐭𝑖,𝑗 only in Eq. (1), the transformation of 

TOA formula in Eq. (1) can be rewritten as [29]

𝐭̇𝑖,𝑗 =
‖𝐫𝑖 − 𝐬𝑗‖

𝑐
− 𝛅̇𝑖 + 𝛈̇𝑗 , (4)

where 𝐭̇𝑖,𝑗 is the transformation of TOA 𝐭𝑖,𝑗 , and 𝛅̇𝑖 and 𝛈̇𝑗 are the trans-
formation of microphone start time 𝛅𝑖 and source emission time 𝛈𝑗 , re-
spectively.

Similarity, by using TDOA information 𝛇𝑖,𝑗 only in Eq. (2), the trans-
formation of TDOA formula in Eq. (2) is rewritten as [29]

𝛇̈𝑖,𝑗 =
‖𝐫𝑖 − 𝐬𝑗‖

𝑐
− 𝛅̈𝑖 + 𝛈̈𝑗 , (5)

where 𝛇̈𝑖,𝑗 is the transformation of TDOA 𝛇𝑖,𝑗 , and 𝛅̈𝑖 and 𝛈̈𝑗 are pseudo 
start time and pseudo emission time, respectively, and 
⎧

⎪

⎨

⎪

⎩

𝛈̈𝑗 = 𝛈̇𝑗
𝛅̈𝑖 = 𝛅̇𝑖
𝛇̈𝑖,𝑗 = 𝐭̇𝑖,𝑗

, (6)

where 𝑖 = 1, … , 𝑀 , 𝑗 = 1, … , 𝑁 and 𝜂̈1 = 𝜂̇1 = 0.

Upon inspection of Eqs. (4), (5) and (6), it is obvious that the trans-
formation of TDOA formula in Eq. (2) can be same as the transformation 
of TOA formula in Eq. (1) [29]. Without further mention, we denote 𝐭̇𝑖,𝑗
as both TOA and TDOA, and also denote 𝛅̇𝑖 and 𝛈̇𝑗 as microphone start 
time and source emission time, respectively. Our objective is to esti-
mate the UTIm from TOA or TDOA information, used for synchronizing 
microphones and sources in ad-hoc WASN.

4.  Preliminaries

The low-rank structure information of UTIm exploited by LRP [28] 
is stated in this section.

By taking the square of both sides of Eq. (4) [33,37], we can have 
𝐫𝑇𝑖 𝐫𝑖 + 𝐬𝑇𝑗 𝐬𝑗 − 2𝐫𝑇𝑖 𝐬𝑗

𝑐2
= 𝐭̇2𝑖,𝑗 + 𝛈̇2𝑗 + 𝛅̇2𝑖 − 2(𝐭̇𝑖,𝑗 𝛈̇𝑗 − 𝐭̇𝑖,𝑗 𝛅̇𝑖 + 𝛈̇𝑗 𝛅̇𝑖), (7)

where 𝑖 = 1, … , 𝑀 and 𝑗 = 1, … , 𝑁 .
To formulate LRP, we can sequentially subtract the corresponding 

equation for 𝑖 = 1 and the equation for 𝑗 = 1 and then add the equation 
for 𝑖 = 𝑗 = 1 from the general form Eq. (7), finally based on the assump-
tion 𝛈1 = 0 due to the invariance of relative time, it follows [33,37]
−2(𝐫𝐢 − 𝐫1)𝑇 (𝐬𝑗 − 𝐬1)

𝑐2

= 𝐭̇2𝑖,𝑗 − 𝐭̇2𝑖,1 − 𝐭̇21,𝑗 + 𝐭̇21,1 + 2𝛅̇𝑖(𝐭̇𝑖,𝑗 − 𝐭̇𝑖,1)

− 2𝛅̇1(𝐭̇1,𝑗 − 𝐭̇1,1) − 2𝛈̇𝑗 (𝐭̇𝑖,𝑗 − 𝐭̇1,𝑗 ) + 2𝛈̇𝑗 (𝛅̇1 − 𝛅̇𝑖), (8)

where 𝑖 = 2, … , 𝑀 and 𝑗 = 2, … , 𝑁 . By defining four matrices 𝐑 ∈
ℝ3×(𝑀−1) , 𝐒 ∈ ℝ3×(𝑁−1), 𝐃 ∈ ℝ(𝑀−1)×(𝑁−1) and 𝐔 ∈ ℝ(𝑀−1)×(𝑁−1) as
𝐑∶,𝑖−1 = 𝐫𝑖 − 𝐫1,
𝐒∶,𝑗−1 = 𝐬𝑗 − 𝐬1,

𝐃𝑖−1,𝑗−1 = 𝐭̇2𝑖,𝑗 − 𝐭̇2𝑖,1 − 𝐭̇21,𝑗 + 𝐭̇21,1,

𝐔𝑖−1,𝑗−1 = 2𝛅̇𝑖
(

𝐭̇𝑖,𝑗 − 𝐭̇𝑖,1
)

− 2𝛅̇1
(

𝐭̇1,𝑗 − 𝐭̇1,1
)

− 2𝛈̇𝑗
(

𝐭̇𝑖,𝑗 − 𝐭̇1,𝑗
)

+ 2𝛈̇𝑗
(

𝛅̇1 − 𝛅̇𝑖
)

,

respectively, where 𝑖 = 2, … , 𝑀 and 𝑗 = 2, … , 𝑁 , then 
Eq. (8) is rewritten as matrix form [33,37]
−2𝐑𝑇 𝐒

𝑐2
= 𝐃 + 𝐔. (9)

Upon inspection of Eq. (9), the left side contains the information on 
the unknown location of microphones and sources while the right side 
contains UTIm and TOA (or TDOA), it implies that we need to estimate 
the UTIm before localizing both microphones and sources. Then with 
Eq. (9), the low-rank structure information of UTIm in TOA (or TDOA) 
exploited by LRP [28] is presented here.

LRP: if
{

𝑀 − 1 > 3
𝑁 − 1 > 3

, (10)

LRP can be stated as
𝑟𝑎𝑛𝑘(𝐃 + 𝐔) = 𝑟𝑎𝑛𝑘(𝐑𝑇 𝐒) ≤ 3. (11)

Upon inspection of Eq. (11), matrix 𝐔 contains both the UTIm and 
TOA (or TDOA), and matrix 𝐃 contains TOA (or TDOA), it indicates that 
Eq. (11) shows the low-rank structure information of UTIm in the known 
TOA (or TDOA). However, usually the initialization of UTIm is random, 
so that the solution of UTIm is easy to stuck into local minima. It leads 
the following problems: First, if the number of microphones or sources is 
not sufficient, the convergence rate is limited, for example, if number of 
microphones (or sources) is less than seven (or six), the convergence rate 
achieved by LRP is almost zero percent. Second, the recovery rate is still 
limited whatever the number of microphones and sources is. Third, the 
estimation error of UTIm tends to be large when there are noises in TOA 
(or TDOA) measurements. Therefore, we are interested in investigating 
whether there are any other low-rank structure information of UTIm in 
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TOA (or TDOA), i.e., given the additional linear constraints formulated 
by these low-rank structure information, we are aiming to improve both 
the recovery and convergence rate of UTIm and reduce the estimation 
errors of UTIm in noise environments, facilitating the localization task 
of ad-hoc WASN.

5.  Proposed new low-rank properties

In this section, we propose three variants of the LRP to estimate 
UTIm. LRP reveals the low-rank structure information of UTIm in TOA 
(or TDOA), and the proposed three variants enhance this property by 
incorporating additional low-rank structure information. These addi-
tional structures enable the recovery and convergence rates for UTIm 
estimation to be improved, while reducing estimation errors, especially 
in noisy environments.

The key motivation behind our method is to exploit the low-rank 
structure inherent in the timing discrepancies (UTIm) of TOA and TDOA 
measurements. This structure arises from the dependencies between the 
microphone and source timing in ad-hoc networks. By utilizing these 
low-rank properties, we can formulate linear constraints that provide 
more robust and efficient estimation of UTIm, even under noisy condi-
tions and random initializations.

Our three variants of LRP differ from existing methods in that they 
offer more comprehensive low-rank structure information, leading to 
better performance in terms of convergence, recovery rate, and noise 
tolerance. Below, we define three new matrices, each of which captures 
a distinct aspect of the low-rank structure in UTIm, enabling the estima-
tion of UTIm to benefit from richer structural information.

By defining three new matrices
𝐓𝟏

∗ =
[

𝐃 𝐔
]

∈ ℝ(𝑀−1)×2(𝑁−1), (12)

𝐓∗
𝟐 =

[

𝐃𝑇 𝐔𝑇 ] ∈ ℝ(𝑁−1)×2(𝑀−1), (13)

and

𝐓∗
𝟑 =

[

𝐃 𝐔
𝐔 𝐃

]

∈ ℝ2(𝑀−1)×2(𝑁−1), (14)

then three variants of LRP are proposed if Eq. (10) holds.
LRPV1:

𝑟𝑎𝑛𝑘
(

𝐓∗
𝟏
)

≤ 𝑚𝑖𝑛{𝑀 − 1, 𝑁 − 1 + 3}, (15)

where matrix 𝐓∗
𝟏 is low-rank only if 𝑀 − 1 > 𝑁 − 1 + 3 (see proof in 

Section A1 of Supplementary Material).
LRPV2:

𝑟𝑎𝑛𝑘
(

𝐓∗
𝟐
)

≤ 𝑚𝑖𝑛{𝑁 − 1,𝑀 − 1 + 3}, (16)

where matrix 𝐓∗
𝟐 is low-rank only if 𝑁 − 1 > 𝑀 − 1 + 3 (see proof in 

Section A2 of Supplementary Material).
LRPV3:

𝑟𝑎𝑛𝑘
(

𝐓∗
𝟑
)

≤ 𝑚𝑖𝑛{𝑁 − 1 + 3,𝑀 − 1 + 3}, (17)

where matrix 𝐓∗
𝟑 is always low-rank if Eq. (10) holds (see proof in Section 

A3 of Supplementary Material).
From Eqs. (12), (13), (14), (15), (16) and (17), we can see that 

LRPV1, LRPV2 and LRPV3 always reveal low-rank structure information 
of UTIm in known TOA (or TDOA) if 𝑀 − 1 > 𝑁 − 1 + 3 holds for 𝐓∗

𝟏 and 
𝑁 − 1 > 𝑀 − 1 + 3 holds for 𝐓∗

𝟐. The proposed LRP variants extend tra-
ditional LRP methods by introducing new constraints and structures that 
increase the robustness of UTIm estimation. In particular, these variants 
mitigate the issues of local minima and suboptimal solutions that often 
arise in traditional LRP methods, especially in the presence of noise or 
random initializations. The three variants each utilize a distinct struc-
ture, allowing for a more comprehensive exploration of the low-rank 
properties of UTIm in both TOA and TDOA measurements.

6.  Proposed algorithm

This section illustrates the corresponding linear constraints first 
based on low-rank structure information exploited by both LRP in Sec-
tion 4 and three variants of LRP in Section 5, and then applies them to 
UTIm estimation.

Both the low-rank property (LRP) and the three proposed variants 
of LRP exploit the inherent low-rank structure information present in 
UTIm within TOA (or TDOA) measurements. The motivation behind us-
ing these variants is to draw from a richer pool of low-rank structural 
information compared to traditional LRP methods. This richer set of in-
formation allows us to better estimate UTIm, leading to a global solution 
rather than getting stuck in sub-optimal or local minimum values caused 
by the randomness of UTIm initialization.

In practical terms, the procedure consists of two main steps. First, 
based on the four LRP formulations discussed above, we derive four 
linear constraints. These constraints are then combined into a single ob-
jective function. To solve this objective function, we apply the Gaussian-
Newton method [42], which helps mitigate the issues of local minima 
by improving convergence rates and recovery performance, even in the 
presence of noisy measurements and random initialization.

6.1.  Linear constraint based on LRP

From Eqs. (9) and (11), denote
⎧

⎪

⎨

⎪

⎩

𝐃 =
[

𝐀 𝐁
]

𝐔 =
[

𝐅 𝐆
] , (18)

where the sub-matrices in 𝐃 and 𝐔 are 𝐀 ∈ ℝ(𝑀−1)×3, 
𝐁 ∈ ℝ(𝑀−1)×(𝑁−1−3), 𝐅 ∈ ℝ(𝑀−1)×3 and 𝐆 ∈ ℝ(𝑀−1)×(𝑁−1−3). Then 
we have

𝑟𝑎𝑛𝑘(
[

𝐀 + 𝐅 𝐁 +𝐆
]

) = 𝑟𝑎𝑛𝑘(𝐀 + 𝐅) ≤ 3. (19)

From Eq. (19), we can assume there is a matrix 𝐗 that enables

(𝐀 + 𝐅)𝐗 = 𝐁 +𝐆, (20)

where 𝐗 ∈ ℝ3×(𝑁−1−3) is unknown and will be estimated in Section 6.5.

6.2.  Linear constraint based on LRPV1

From Eqs. (12) and (15), we split 𝐓∗
𝟏 as 𝐓∗

𝟏 =
[

𝐓∗
𝟏𝟏 𝐓∗

𝟏𝟐
]

, where 
𝐓∗
𝟏𝟏 ∈ ℝ(𝑀−1)×(𝑁−1+3) and 𝐓∗

𝟏𝟐 ∈ ℝ(𝑀−1)×(𝑁−1−3), then we have

𝑟𝑎𝑛𝑘(
[

𝐓∗
𝟏𝟏 𝐓∗

𝟏𝟐
]

= 𝑟𝑎𝑛𝑘(𝐓∗
𝟏𝟏) ≤ 𝑁 − 1 + 3. (21)

From Eq. (21), we can assume there is a matrix 𝐙 that enables

𝐓∗
𝟏𝟏𝐙 = 𝐓∗

𝟏𝟐, (22)

where 𝐙 ∈ ℝ(𝑁−1+3)×(𝑁−1−3) is unknown and will be estimated in Sec-
tion 6.5.

6.3.  Linear constraint based on LRPV2

From Eqs. (13) and (16), we can split 𝐓∗
𝟐 as 𝐓∗

𝟐 =
[

𝐓∗
𝟐𝟏 𝐓∗

𝟐𝟐
] where 

𝐓∗
𝟐𝟏 ∈ ℝ(𝑁−1)×(𝑀−1+3) and 𝐓∗

𝟐𝟐 ∈ ℝ(𝑁−1)×(𝑀−1−3). Then we have

𝑟𝑎𝑛𝑘(
[

𝐓∗
𝟐𝟏 𝐓∗

𝟐𝟐
]

) = 𝑟𝑎𝑛𝑘(𝐓∗
𝟐𝟏) ≤ 𝑀 − 1 + 3. (23)

From Eq. (23), we can assume there is a matrix 𝐖 that enables

𝐓∗
𝟐𝟏𝐖 = 𝐓∗

𝟐𝟐, (24)

where 𝐖 ∈ ℝ(𝑀−1+3)×(𝑀−1−3) is unknown and will be estimated in Sec-
tion 6.5.
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Fig. 1. The illustration for combinations of four low-rank properties of pro-
posed CLRA method with different number of microphones 𝑀 and sources 𝑁
(𝛼 for LRPV1, 𝛽 for LRPV2, 𝛾 for LRPV3; 𝛼 = 𝛽 = 𝛾 = 0 in the shadow area for 
STLS [23]).

6.4.  Linear constraint based on LRPV3

From Eqs. (14) and (17), we define 𝑀𝑁  as 𝑚𝑖𝑛(𝑁 − 1 + 3,𝑀 − 1 +
3) and split 𝐓∗

𝟑 as 𝐓∗
𝟑 =

[

𝐓∗
𝟑𝟏 𝐓∗

𝟑𝟐
] where 𝐓∗

𝟑𝟏 ∈ ℝ2(𝑀−1)×𝑀𝑁  and 𝐓∗
𝟑𝟐 ∈

ℝ2(𝑀−1)×(2(𝑁−1)−𝑀𝑁 ). Then we have
𝑟𝑎𝑛𝑘(

[

𝐓∗
𝟑𝟏 𝐓∗

𝟑𝟐
]

) = 𝑟𝑎𝑛𝑘(𝐓∗
𝟑𝟏) ≤ 𝑀𝑁 . (25)

From Eq. (25), we can assume there is a matrix 𝐘 that enables
𝐓∗
𝟑𝟏𝐘 = 𝐓∗

𝟑𝟐, (26)

where 𝐘 ∈ ℝ𝑀𝑁×(2(𝑁−1)−𝑀𝑁 ) is unknown and will be estimated in Sec-
tion 6.5.

6.5.  Algorithm

The STLS [23,38,40] utilizes the LRP only for UTIm estimation, so 
that the solution of UTIm is easy to stuck into local minima, this limits 
both the recovery and convergence rate for UTIm estimation, and the 
estimation errors of UTIm tends to be large in noise environments. To 
find global optimal solution for UTIm, based on the three variants of LRP 
we proposed and the linear constraints formulated from those four low-
rank properties, LRP, LRPV1, LRPV2 and LRPV3, we have the objective 
function:

𝑓 (𝛅̇, 𝛈̇,𝐗,𝐘,𝐙,𝐖) = ‖𝐔‖2𝐹 + 𝜆2‖(𝐀 + 𝐅)𝐗 − (𝐁 +𝐆)‖2𝐹
+ 𝛼2‖𝐓∗

𝟏𝟏𝐙 − 𝐓∗
𝟏𝟐‖

2
𝐹 + 𝛽2‖𝐓∗

𝟐𝟏𝐖 − 𝐓∗
𝟐𝟐‖

2
𝐹 + 𝛾2‖𝐓∗

𝟑𝟏𝐘 − 𝐓∗
𝟑𝟐‖

2
𝐹 , (27)

where ‖ ∙ ‖𝐹  is Frobenius norm, ‖𝐔‖2𝐹  is regularization term [23,38], 
and 𝜆, 𝛼, 𝛽 and 𝛾 are penalty parameters for the four low-rank proper-
ties, respectively (𝜆 for LRP; 𝛼 for LRPV1; 𝛽 for LRPV2; 𝛾 for LRPV3). 
Upon inspection of Eq. (27), We can see that when 𝛾 = 𝛼 = 𝛽 = 0, pro-
posed CLRA method degenerates to STLS that uses the LRP only for 
UTIm estimation [23,38].

In addition, for any given number of microphones 𝑀 and any given 
number of sources 𝑁 , we can distinguish three cases, i.e., 1) Case 1 (C1): 
𝑀 −𝑁 > 3; 2) Case 2 (C2): 𝑁 −𝑀 > 3; 3) Case 3 (C3): |𝑀 −𝑁| ≤ 3. 
From 𝑀 − 1 > 𝑁 − 1 + 3 in Eq. (15) and 𝑁 − 1 > 𝑀 − 1 + 3 in Eq. (16), 
we can see that LRPV1 and LRPV2 have low-rank properties only in C1 
and C2, respectively, then we can summarize the combination way for 
four low-rank properties as

(1) 𝛽 = 0 in C1;
(2) 𝛼 = 0 in C2; and
(3) 𝛼 = 0 and 𝛽 = 0 in C3. Fig. 1 illustrates the combination way of 

four low-rank properties for CLRA.
Next, we present a general and complete solution for 

the minimization of above objective function. We use 
the column-wise matrix vectorization, 𝑣(⋅) (i.e., 𝑣(𝐗) =

 Algorithm 1 Proposed CLRA method for estimation of UTIm
 Input: 𝐷, 𝑈 , 𝑀 , 𝑁 ;
 Output: 𝜌 = [𝛿̇; 𝜂̇; 𝑥; 𝑦; 𝑧;𝑤];
 Parameters: 𝜔∗: threshold for divergence;
𝑑𝜌: stopping threshold for Gaussian-Newton iterations;
𝑚2: maximum number of iterations;
𝜆, 𝛼, 𝛽 and 𝛾: penalty constant in (27)
 if |𝑀 −𝑁| < 3 then

𝛼 = 0 and 𝛽 = 0;
 elseif 𝑀 > 𝑁 + 3 then

𝛽 = 0;
 else

𝛼 = 0;
 end if
 Initialize 𝛿(0), 𝜂(0)
 Compute 𝐷, 𝐴, 𝐵, 𝑋(0) = (𝐴 + 𝐹 )†(𝐵 + 𝐺); (9, 18, 20)

𝑍(0) = 𝑇 ∗
11

†𝑇 ∗
12, 𝑊 (0) = 𝑇 ∗

21
†𝑇 ∗

22, 𝑌 (0) = 𝑇 ∗
31

†𝑇 ∗
32

 (22,24,26)
 (†: Moore-Penrose generalized inverses [40])

 while 𝑔 == 0 do
 Step 1: Compute 𝑈𝑚1 , 𝐹𝑚1 , 𝐺𝑚1 ;  (9)(18)
 Step 2: Compute 𝑇 ∗

1
𝑚1 , 𝑇 ∗

11
𝑚1 , 𝑇 ∗

12
𝑚1  (22)

 Step 3: Compute 𝑇 ∗
2
𝑚1 , 𝑇 ∗

21
𝑚1 , 𝑇 ∗

22
𝑚1  (24)

 Step 4: Compute 𝑇 ∗
3
𝑚1 , 𝑇 ∗

31
𝑚1 , 𝑇 ∗

32
𝑚1  (26)

 Step 5:
 Compute 𝑓𝑚 = [𝑓𝑇

𝐴
𝑚1 𝜆𝑓𝑇

𝐵
𝑚1 𝛾𝑓𝑇

𝐶
𝑚1 𝜆𝑓𝑇

𝐷
𝑚1 𝛽𝑓𝑇

𝐸
𝑚1 ]𝑇  (28)

 Step 6:Compute 𝐽𝑚1  (29)
 Step 7: Update 𝜌(𝑚1+1)  (30)
 if (‖𝑓𝑚1

𝐵 ‖

2
2 + ‖𝑓𝑚1

𝐶 ‖

2
2 + ‖𝑓𝑚1

𝐷 ‖

2
2 + ‖𝑓𝑚1

𝐸 ‖

2
2
)

> 𝜔∗

 OR (‖𝑝(𝑚1+1) − 𝑝(𝑚1)
‖

)

< 𝑑𝜌
 OR 𝑚1 = 𝑚2; then

𝑔 = 1;
 end if

𝑚1 = 𝑚1 + 1;
 end while

[𝐗1,1, … , 𝐗3,1, 𝐗1,2, … , 𝐗3,2, … , 𝐗1,(𝑁−1−3), … , 𝐗3,(𝑁−1−3)]𝑇 ), 
to define
𝐩 =

[

𝛅̇𝑇 𝛈̇𝑇 𝑣(𝐗)𝑇 𝑣(𝐘)𝑇 𝑣(𝐙)𝑇 𝑣(𝐖)𝑇
]𝑇 ,

and

𝐪 =
[

𝐟𝐀𝑇 𝜆𝐟𝐁𝑇 𝛾𝐟𝐂𝑇 𝛼𝐟𝐃𝑇 𝛽𝐟𝐄𝑇 ]𝑇 ,

where
⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝐟𝐀 = 𝑣(𝐔)
𝐟𝐁 = 𝑣((𝐀 + 𝐅)𝐗 − 𝐁 −𝐆)
𝐟𝐂 = 𝑣(𝐓∗

𝟑𝟏𝐘 − 𝐓∗
𝟑𝟐)

𝐟𝐃 = 𝑣(𝐓∗
𝟏𝟏𝐙 − 𝐓∗

𝟏𝟐)
𝐟𝐄 = 𝑣(𝐓∗

𝟐𝟏𝐖 − 𝐓∗
𝟐𝟐)

, (28)

and then re-write the objective function Eq. (27) as 𝑓 (𝐩) = ‖𝐪‖22, where 
the dimension of the vectors 𝐪 and 𝐩 are 𝑄 = (𝑀 − 1)(8(𝑁 − 1) −
2𝑀𝑁 − 6) − 3(𝑁 − 1) and 𝑃 = 𝑀 +𝑁 − 1 + 3(𝑁 − 1 − 3) +𝑀𝑁 (2(𝑁 −
1) −𝑀𝑁 ) + (𝑁 − 1 + 3)(𝑁 − 1 − 3) + (𝑀 − 1 + 3)(𝑀 − 1 − 3), respec-
tively (Algorithm 6.5).

Finally, we solve the nonlinear least square problem by minimizing 
𝑓 (𝐩) with the Gauss-Newton algorithm [42]. Therefore we compute the 
Jacobian matrix
𝐉 = 𝜕𝐪∕𝜕𝐩 ∈ ℝ𝑄×𝑃 , (29)

which is the derivation of vector 𝐪 with respect to vector 𝐩 (see details 
in Section A4 of Supplementary Material), and we update 𝐩 in an iterative 
way as
𝐩𝑚+1 = 𝐩𝑚 − (𝐉𝑚𝑇 𝐉𝑚)−1𝐉𝑚𝑇 𝐪𝑚, (30)
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where 𝑚 denotes 𝑚𝑡ℎ iteration and the pseudo code of proposed CLRA 
can be seen from Algorithm.

7.  Experimental results

The experimental settings are described in Section 7.1, and the 
influence of the parameters in the three proposed LRP variants on 
the CLRA method is analyzed in Section 7.2. Sections 7.3 and 7.4 
present the performance of the proposed CLRA method. Finally, Sec-
tion 7.5 provides a consolidated evaluation, including performance com-
parisons with STLS and the auxiliary function-based algorithm [12] 
(Ono), as well as a robustness analysis under additive noise on 
both the realistic simulation dataset and the real dataset; in this 
part, we also report results for SDP (semidefinite programming) and 
SDP+LM (Levenberg-Marquardt) [31], where LM is initialized by
SDR.

7.1.  Setup

The simulation data for microphone and source locations, start 
times, and emission times were randomly generated using MATLAB 
R2019a on a computer with a 3.7-GHz CPU, six cores, and 16 GB 
RAM. Microphone and source locations followed a uniform distribu-
tion within 10m × 10m × 3m, which is suitable for real applications [31]. 
Start times (𝛅) and emission times (𝛈) were uniformly distributed 
within [−1, 1]s [31], and the speed of sound was set to 𝑐 = 340m/s. 
We also use both realistic simulation data and real data for validat-
ing proposed methods (see Section 7.5). The parameters of the pro-
posed CLRA were set as 𝑤∗ = 1030, 𝑑𝑝 = 10−9, and 𝑚2 = 100. The pro-
cess was terminated if the objective function exceeded 1030, the vari-
able 𝐩 changed by less than 10−9, or the iteration count exceeded
100.

Multiple initializations were tested for each configuration to eval-
uate CLRA’s robustness against initialization variations. For a specific 
configuration, only one initialization for the microphones’ start times 
and sources’ emission times is required. However, some random initial-
izations may not achieve the globally optimal solution for UTIm. To 
demonstrate the performance, the recovery rate (𝑅𝑟(𝑀,𝑁)) was calcu-
lated as:

𝑅𝑟(𝑀,𝑁) =
∑𝑁𝑐(𝑀,𝑁)

𝑖=1 𝑁𝑒𝑖(𝑀,𝑁)
𝐼𝑛(𝑀,𝑁)𝑁𝑐(𝑀,𝑁)

, (31)

where 𝑁𝑒𝑖(𝑀,𝑁) represents the number of globally optimal solu-
tions for the 𝑖th configuration, 𝑁𝑐(𝑀,𝑁) is the total number of 
configurations, and 𝐼𝑛(𝑀,𝑁) is the total initializations for each
configuration.

Microphone sampling rates, typically below 100 kHz, introduce er-
rors in TOA (or TDOA) of approximately 10−5s when using GCC-
PHAT [10]. For example, a sampling rate of 44.1 kHz can introduce an 
error of 1.2798 × 10−5s. Based on this principle, UTIm recovery is deemed 
successful if the difference between the estimation and ground truth is 
less than 10−4s. The error metric (𝑒𝑟) is defined as:

𝑒𝑟 =
∑𝑀

𝑖=1 ‖𝛅̇𝑖 −
̂̇𝛅𝑖‖

𝑀
+

∑𝑁
𝑗=1 ‖𝛈̇𝑗 − ̂̇𝛈𝑗‖

𝑁
, (32)

where 𝛅̇𝑖 and 𝛈̇𝑗 are the ground truth values, and ̂̇𝛅𝑖 and ̂̇𝛈𝑗 are the esti-
mated values.

To assess robustness across configurations, the convergence rate 
(𝐶𝑟(𝑀,𝑁)) is defined as:

𝐶𝑟(𝑀,𝑁) =
𝐶𝑒(𝑀,𝑁)
𝑁𝑐(𝑀,𝑁)

, (33)

where 𝐶𝑒(𝑀,𝑁) =
∑𝑁𝑐(𝑀,𝑁)

𝑖=1 𝑠𝑟𝑖 counts the number of successful recov-
eries, and 𝑠𝑟𝑖 = 1 at least one initialization succeeds in the 𝑖𝑡ℎ con-
figuration, otherwise, 𝑠𝑟𝑖 = 0. The convergence rate approaches 100% 

Fig. 2. The parameters impact (𝜆∗ for LRP and 𝛾∗ for LRPV3) on proposed 
CLAR1 in terms of recovery rate with three different cases (Left: 𝑀 = 10, 𝑁 = 10; 
Middle: 𝑀 = 15, 𝑁 = 8; Right: 𝑀 = 8, 𝑁 = 15).

when the number of microphones or sources is sufficient, demon-
strating the robustness of the proposed CLRA even under suboptimal
configurations.

7.2.  Parameters analysis

This subsection analyzes the parameter settings of the three proposed 
LRP variants within CLRA. We denote the variants as: (1) CLRA1 when 
𝛼 = 𝛽 = 0 (LRP+LRPV3), (2) CLRA2 when 𝛼 = 𝛾 = 0 (LRP+LRPV2), and 
(3) CLRA3 when 𝛽 = 𝛾 = 0 (LRP+LRPV1). We set 𝑁𝑐 (𝑀,𝑁) = 10 con-
figurations and 𝐼𝑛(𝑀,𝑁) = 100 initializations per configuration, yield-
ing 1000 implementations for fixed 𝑀 and 𝑁 to assess parameter
effects.

As shown in Fig. 1, 𝛽 = 0 in C1 and 𝛼 = 0 in C2; in C3, both 𝛼 and 𝛽
are zero. Even when 𝛼 = 𝛽 = 0, CLRA applies to different (𝑀,𝑁) because 
LRPV3 remains low-rank in C1-C3. Accordingly, we evaluate CLRA1 by 
varying 𝜆 and 𝛾 (Eq. (27)) under (C1) (𝑀,𝑁) = (15, 8), (C2) (8, 15), and 
(C3) (10, 10). We then analyze 𝛽 for CLRA2 with (𝑀,𝑁) = (15, 8), and 𝛼
for CLRA3 with (𝑀,𝑁) = (8, 15).

(1) Parameters 𝜆 and 𝛾 analysis for proposed CLRA1: We set parame-
ters 𝜆 = 10𝜆∗  and 𝛾 = 10𝛾∗  for proposed CLRA1 in Eq. (27) and vary both 
𝜆∗ and 𝛾∗ from 1 to 15. Fig. 2 shows the effect of 𝜆∗ and 𝛾∗ on proposed 
CLRA1 with different number of microphones and sources. As can be 
seen from Fig. 2 (left and middle sub-figures), the effects of parameters 
𝜆∗ and 𝛾∗ on the recovery rate of CLRA1 is similar, when both 𝜆∗ and 𝛾∗
are small (less than 5), the recovery rate is almost 0%, and when 𝜆∗ > 5
and 𝛾∗ ≤ 𝜆∗, the recovery rate is larger than 0%. This indicates that 𝜆∗
and 𝛾∗ have a joint effect on proposed CLRA1. In addition, we can see 
that when 𝜆∗ = 𝛾∗, the peaks regarding recovery rate are achieved.

Besides, from right subfigure in Fig. 2, we can see that when 𝜆∗ is 
less than 8, the recovery rate for proposed CLRA1 is almost 0%, and 
when 𝜆∗ > 8 and 𝛾∗ ≤ 𝜆∗ + 2, the recovery rate is larger than 0%. In 
addition, the peaks regarding recovery rate are obtained when 𝜆∗ = 𝛾∗ +
3. Thus, if there is no special mention, we set the following parameters 
for proposed CLRA1, i.e., 𝜆∗ = 10 and 𝛾∗ = 10 in both C1 and C3, 𝜆∗ = 12
and 𝛾∗ = 9 in C2.

(2) Parameter 𝛽 analysis for proposed CLRA2: We set parameter 𝜆 =
1010 and analyze the effect of parameter 𝛽 on CLRA2. Denote 𝛽 = 10𝛽∗

and we vary 𝛽∗ from 1 to 15, then Fig. 3 plots the recovery rate of 
proposed CLRA2 when 𝛽∗ varies. It can be seen that 𝛽∗ has a big effect 
on the performance of proposed CLRA2. In details, when 𝛽∗ is small (less 
than 8), the recovery rate is stable (about 8%) and when 𝛽∗ reaches to 
11, the proposed CLRA2 can achieve about 28% recovery rate, then the 
recovery rate decreases once 𝛽∗ increases further. Thus, we set 𝛽∗ = 11
for the proposed CLRA2 if there is no special mention.

(3) Parameter 𝛼 analysis for proposed CLRA3: We set parameter 𝜆 =
1010 and analyze the effect of parameter 𝛼 on CLRA3. Denote 𝛼 = 10𝛼∗

and we vary 𝛼∗ from 1 to 15. It can be seen from Fig. 3 that the parameter 
𝛼∗ also has a big effect on proposed CLRA3. In details, when 𝛼∗ < 9, 
the recovery rate of proposed CLRA3 is stable (about 17%), then the 
recovery rate increases once the value of 𝛼∗ continues to increase, and 
we can see that the proposed CLRA3 can reach about 37% recovery rate 
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Fig. 3. The effect of 𝛽∗ on CLRA2 with 𝑀 = 8, 𝑁 = 15 and 𝛼∗ on CLRA3 with 
𝑀 = 15, 𝑁 = 8.

when 𝛼∗ = 11, thus, we choose 𝛼∗ = 11 for proposed CLRA3 if no special 
mention.

7.3.  Comparison of the performance for low-rank properties

This subsection shows the performance of the proposed CLRA meth-
ods in comparison with the STLS [23,37,38].

Upon examining the linear constraints in Eq. (20) formulated by LRP, 
it is evident that the number of equations, given by (𝑀 − 1)(𝑁 − 1 − 3), 
must be greater than or equal to the number of unknowns, expressed 
as 3(𝑁 − 1 − 3) +𝑀 +𝑁 − 1. This requirement leads to the condition 
(𝑀 − 5)(𝑁 − 5) ≥ 8, which indicates that the minimal number of micro-
phones required for UTIm is 6, 7, or 8, while the minimal number of 
sources is 13, 9, or 8, respectively, depending on the specific configura-
tion. Similarly, the reverse is also true. Since proposed three variants of 
LRP are the additional LRP for UTIm based on LRP, thus, they should 
also follow the lower boundary of 𝑀 and 𝑁 for UTIm estimation with 
their corresponding additional constraints.

The parameter 𝜆 = 1010 for STLS in Eq. (27) (𝛾 = 𝛼 = 𝛽 = 0). For the 
proposed CLAR method that combines one proposed low-rank property 
with LRP, i.e., CLRA1, CLRA2 and CLRA3, the parameters are illustrated 
already in Section 7.2. For the proposed CLAR method that utilizes all 
the four low-rank properties, we categorize them as three cases (see 
Fig. 1), (1) C3: the parameters 𝜆 and 𝛾 of proposed CLRA in Eq. (27) 
(𝛼 = 𝛽 = 0) are set to be 1010 and 1010, respectively. (2) C1: we set the pa-
rameters 𝜆 = 1010, 𝛾 = 1010 and 𝛼 = 1011 for proposed CLRA in Eq. (27) 
(𝛽 = 0). (3) C2: we set the parameters 𝜆 = 1012, 𝛾 = 109 and 𝛽 = 1013 for 
proposed CLRA in Eq. (27) (𝛼 = 0). Besides, we vary both 𝑀 and 𝑁 from 
1 to 15, and for each pair of fixed 𝑀 and 𝑁 , we the number of configu-
ration 𝑁𝑐 (𝑀,𝑁) = 200 and the number of initializations 𝐼𝑛(𝑀,𝑁) = 100
for each configuration.

7.3.1.  Comparison of recovery rate
Fig. 4 compares the recovery rates of the proposed CLRA methods 

with STLS.
For STLS, the recovery rate is about 0% when 𝑀 ≤ 6 or 𝑁 ≤ 6. When 

𝑀 ≥ 7 and 𝑁 ≥ 7, it ranges from 0% to 28%.
For CLRA1, the recovery rate matches STLS when 𝑀 ≤ 6 or 𝑁 ≤ 5. 

However, for 𝑀 = 7, 𝑁 ≥ 10, it ranges from 0% to 8%, outperforming 
STLS. Additionally, when 𝑀 ≥ 14, 𝑁 = 6, CLRA1 achieves about 1%, 
while STLS remains at 0%. For 𝑀 > 12, 𝑁 > 8, CLRA1 outperforms STLS 
by 10%–20%.

For CLRA2, which applies when 𝑁 > 𝑀 + 3 and 𝑀 > 4, it achieves 
2%–4% recovery rates for 𝑀 = 6, 𝑁 > 13, exceeding STLS. When 𝑀 ≥ 7
and 𝑁 > 𝑀 + 3, particularly for 7 ≤ 𝑀 ≤ 10, 𝑁 = 15, CLRA2 surpasses 
STLS by 18%–27%.

For CLRA3, valid when 𝑀 > 𝑁 + 3 and 𝑁 > 4, it achieves 2%–4% 
recovery rates for 𝑁 = 6,𝑀 > 13, exceeding STLS. When 𝑁 ≥ 7,𝑀 >
𝑁 + 3, particularly for 𝑀 = 15, 7 ≤ 𝑁 ≤ 10, CLRA3 outperforms STLS by 
12%–19%.

Finally, the combined CLRA method (LRP with LRPV1, LRPV2, and 
LRPV3) consistently achieves higher recovery rates than STLS for 𝑀 >
5, 𝑁 > 5. Combining all three variants further improves performance 
compared to using a single variant. These results validate the effective-
ness of the proposed LRPV1, LRPV2, and LRPV3.

7.3.2.  Comparison of convergence rate
Fig. 5(a) illustrates the convergence rate for STLS, while Fig. 5(b) 

shows the percentage point differences between STLS and the proposed 
CLRA methods.

For STLS, the convergence rate is 0% when 𝑀 < 7 or 𝑁 < 6, but 
increases with larger 𝑀 and 𝑁 . Notably, when 𝑀 ≥ 13 and 𝑁 ≥ 12, the 
convergence rate exceeds 90%.

For CLRA1, when 𝑀 < 6 or 𝑁 < 6, the convergence rate matches 
STLS at 0%. However, for 𝑀 > 10 and 𝑁 > 9, CLRA1 surpasses STLS 
by 2%–18%. In the range 6 ≤ 𝑀 ≤ 9 or 5 ≤ 𝑁 ≤ 8, CLRA1 achieves 
6%–58% higher rates, validating the effectiveness of LRPV3 and
CLRA1.

For CLRA2, when 𝑀 = 6, 𝑁 > 12, the convergence rate is 28%–63% 
higher than STLS. For 𝑀 ≥ 7 and 𝑁 > 𝑀 + 3, particularly when 𝑀 =
7, 𝑁 > 10, CLRA2 exceeds STLS by 11%–50%. These results validate 
LRPV2 and CLRA2.

For CLRA3, when 𝑁 = 6,𝑀 > 12, the convergence rate is 32%–58% 
higher than STLS. Similarly, for 𝑁 ≥ 7 and 𝑀 > 𝑁 + 3, especially when 
𝑁 = 7,𝑀 ≥ 11, it exceeds STLS by 32%–58%. For 𝑁 ≥ 8,𝑀 > 𝑁 + 3, 
the improvement ranges from 14%–19%. These results validate LRPV1 
and CLRA3.

Finally, the combined CLRA method (LRP with LRPV1, LRPV2, and 
LRPV3) achieves better convergence rates than STLS for 𝑀 > 5, 𝑁 > 5. 
Furthermore, combining all three low-rank properties with LRP outper-
forms combining a single property, further validating LRPV1, LRPV2, 
and LRPV3.

7.4.  Computational complexity analysis

In this subsection, we analyze the computational complexity of the 
proposed CLRA method and the STLS method (using only LRP) [23,37,
38].

Both methods rely on Gauss-Newton optimization. The most com-
putationally intensive part is the update of the variable 𝐩 (see Eq. (30) 
and Algorithm). The operations in Eq. (30) involve: 1) Computing the 
product of two Jacobian matrices 𝐉(𝑚)𝑇 𝐉(𝑚); 2) Inverting the matrix 
(𝐉(𝑚)𝑇 𝐉(𝑚))−1; 3) Multiplying (𝐉(𝑚)𝑇 𝐉(𝑚))−1 with 𝐉(𝑚)𝑇 .

For LRP only, the variable 𝐩 has three sub-variables: 𝛅̇, 𝛈̇, 
and 𝐗. The Jacobian size is: - Rows: 𝐽1,𝑟 = (𝑀 − 1)(2(𝑁 − 1) − 3) - 
Columns: 𝐽1,𝑐 = 𝑀 − 32 + (3 + 1)(𝑁 − 1). The complexity is: (𝐽 2

1,𝑐𝐽1,𝑟)
for matrix multiplication, (𝐽 3

1,𝑐 ) for matrix inversion, and (𝐽 2
1,𝑐𝐽1,𝑟)

for final multiplication. Thus, LRP’s complexity is: (min(𝐽 2
1,𝑐𝐽1,𝑟, 𝐽

3
1,𝑐 )).

For the CLRA method, the complexity depends on the number of 
microphones and sources, divided into three cases: C1, C2, and C3.

Case C3: Using LRP and LRPV3, the variable 𝐩 has four sub-variables: 
𝛅̇, 𝛈̇, 𝐗, and 𝐘. The Jacobian size is: - Rows: 𝐽1,4,𝑟 = (𝑀 − 1)(6(𝑁 − 1) −
3 −𝑀𝑁 ) - Columns: 𝐽1,4,𝑐 = 𝑀 − 32 −𝑀2

𝑁 + (3 + 1 + 2𝑀𝑁 )(𝑁 − 1). The 
complexity is: (min(𝐽 2

1,4,𝑐𝐽1,4,𝑟, 𝐽
3
1,4,𝑐 )).

Case C1: Using LRP, LRPV1, and LRPV3, 𝐩 has five sub-variables: 𝛅̇, 
𝛈̇, 𝐗, 𝐘, and 𝐙. The Jacobian size is: - Rows: 𝐽1,2,4,𝑟 = (𝑀 − 1)(7(𝑁 − 1) −
23 −𝑀𝑁 ) - Columns: 𝐽1,2,4,𝑐 = 𝑀 − 232 −𝑀2

𝑁 + (3 +𝑁 + 2𝑀𝑁 )(𝑁 − 1). 
The complexity is: (min(𝐽 2

1,2,4,𝑐𝐽1,2,4,𝑟, 𝐽
3
1,2,4,𝑐 )).

Case C2: Using LRP, LRPV2, and LRPV3, 𝐩 has five sub-
variables: 𝛅̇, 𝛈̇, 𝐗, 𝐘, and 𝐖. The Jacobian size is: - Rows: 𝐽1,2,4,𝑟 =
(𝑀 − 1)(7(𝑁 − 1) − 3 −𝑀𝑁 ) − (𝑁 − 1)3 - Columns: 𝐽1,2,4,𝑐 = 𝑀 − 32 −
𝑀2

𝑁 + (3 + 1 + 2𝑀𝑁 )(𝑁 − 1) + (𝑀 − 1 − 3)(𝑀 − 1 + 3). The complexity 
is: (min(𝐽 2

1,2,4,𝑐𝐽1,3,4,𝑟, 𝐽
3
1,3,4,𝑐 )).
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Fig. 4. The performance comparison for STLS and proposed CLRA (CLAR1: 𝛼 = 𝛽 = 0; CLAR2: 𝛼 = 𝛾 = 0; CLAR3:𝛽 = 𝛾 = 0) in terms of recovery rate.

Fig. 5. The performance comparison for STLS and proposed CLRA in terms of (a) convergence rate; and (b) percentage point of convergence rate, where CLAR1: 
𝛼 = 𝛽 = 0, CLAR2: 𝛼 = 𝛾 = 0, CLAR3: 𝛽 = 𝛾 = 0, pp: percentage point.

Fig. 6. The running time for proposed CLRA methods in comparison with STLS.

Fig. 7. (a) The performance comparison in terms of recovery rate of each configuration with C3 (𝑀 = 𝑁 = 10 ( ) and 𝑀 = 𝑁 = 18( )), C1 (𝑀 = 15, 𝑁 = 8 ( ) 
and 𝑀 = 20, 𝑁 = 14 ( )) and C2 (𝑀 = 8, 𝑁 = 15 ( ) and 𝑀 = 14, 𝑁 = 20 ( )); (b)Two different recovery error ranges for UTIm (𝑒𝑟 < 10−4𝑠 and 10−4𝑠 ≤ 𝑒𝑟 < 10−2𝑠) 
achieved by STLS and proposed CLRA.
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Fig. 8. Estimation errors for UTIm achieved by STLS, SDP, SDP+LM and proposed CLRA with different additional noises in TOA (or TDOA) measurements.

The differences in these four complexities are: 
⎧

⎪

⎨

⎪

⎩

𝐽1,4,𝑟 − 𝐽1,𝑟 = 2(𝑀 − 1)(2(𝑁 − 1) −𝑀𝑁 )
𝐽1,2,4,𝑟 − 𝐽1,4,𝑟 = (𝑀 − 1)(𝑁 − 1 − 3)
𝐽1,3,4,𝑟 − 𝐽1,4,𝑟 = (𝑁 − 1)(𝑀 − 1 − 3)

and 
⎧

⎪

⎨

⎪

⎩

𝐽1,4,𝑐 − 𝐽1,𝑐 = 𝑀𝑁 (2(𝑁 − 1) −𝑀𝑁 )
𝐽1,2,4,𝑐 − 𝐽1,4,𝑐 = (𝑁 − 1 + 3)(𝑁 − 1 − 3)
𝐽1,3,4,𝑐 − 𝐽1,4,𝑐 = (𝑀 − 1 + 3)(𝑀 − 1 − 3)

With one additional proposed rank properties (such as LRPV1, 
LRPV2, or LRPV3), the computational complexity also increases due 
to the growing size of the Jacobian matrix. Thus, we evaluate the 
running time of the proposed CLRA methods and compare them with 
STLS [23,38] across three scenarios (C1, C2, C3). For 𝑀 microphones 
and 𝑁 sources, we use 𝑁𝑐 (𝑀,𝑁) = 50 configurations and 𝐼𝑛(𝑀,𝑁) =
100 initializations per configuration, totaling 5000 implementations.

Fig. 6(a) shows that for 𝑀=10, 𝑁=10 (C3), CLRA (LRP+LRPV3) is 
slightly slower than STLS (3–110 ms) but remains below 150 ms per im-
plementation. For 𝑀=15, 𝑁=8 (C1), Fig. 6(b) indicates that STLS stays 

fast (3–100 ms), while CLRA variants using LRPV1/LRPV3 run longer 
(CLRA1 median > CLRA3), and CLRA is below 300 ms. Fig. 6(c) presents 
the 𝑀=8, 𝑁=15 (C2) case (LRPV2/LRPV3), with runtimes comparable 
to (b) and all methods finishing within 900 ms.

Overall, adding LRPV1/LRPV2/LRPV3 increases the Jacobian size 
relative to STLS (LRP only), but the measured runtimes remain practical 
(below 150/300/900 ms for C3/C1/C2). This extra cost yields improved 
accuracy and robustness (Section 7.5); thus, STLS suits resource-limited 
or coarse estimation, whereas CLRA is preferable under asynchronous 
and noisy conditions.

7.5.  Comparison with other methods and robustness analysis

In this subsection, we present a unified evaluation that includes: (1) 
a performance comparison between the proposed CLRA method and the 
auxiliary function-based algorithm [12] (hereafter referred to as Ono) 
on the simulation dataset; and (2) a robustness analysis in which addi-
tive noise is injected into the TOA (or TDOA) measurements on both the 
realistic simulation dataset and the real dataset, with additional compar-
isons against SDP and SDP+LM [31]. Specifically, (1) Realistic Simula-
tion Data: microphone and source locations were randomly generated 
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in a 5m × 5m × 3m room. Audio signals (sampling rate 48 kHz; speed of 
sound 340m∕s) were generated in MATLAB [10], and TOA (or TDOA) 
measurements were computed using GCC-PHAT, resulting in an aver-
age error of 5 × 10−6 s. (2) Real Data: this dataset [43] was collected 
in a 5m × 5m × 3m office using 12 fixed microphones (sampling rate 
96 kHz) and a loudspeaker, yielding an average TOA (or TDOA) error of 
1 × 10−4 s.

7.5.1.  Comparison with ono
The experiments are conducted across three different cases, namely 

C1, C2, and C3. For each configuration, given 𝑀 microphones and 𝑁
sources, we set the number of configurations 𝑁𝑐 (𝑀,𝑁) = 50, and the 
number of initializations 𝐼𝑛(𝑀,𝑁) = 50, resulting in a total of 2500 im-
plementations for each pair of 𝑀 and 𝑁 . This experimental design al-
lows for a comprehensive evaluation of the method’s performance un-
der random initializations. Additionally, for the Ono algorithm [12], the 
maximum iteration number of each implementation is set to 2 × 105.

Fig. 7(a) presents the recovery rates obtained from 50 random ini-
tializations for each configuration. As shown in the figure, in all three 
cases (C1: 𝑀 = 15, 𝑁 = 8 and 𝑀 = 20, 𝑁 = 14; C2: 𝑀 = 8, 𝑁 = 15 and 
𝑀 = 14, 𝑁 = 20; C3: 𝑀 = 10, 𝑁 = 10 and 𝑀 = 18, 𝑁 = 18), the recov-
ery rate achieved by the Ono algorithm is always zero, indicating its 
inability to recover the global optima under these conditions. In con-
trast, both STLS and CLRA show improving recovery rates as 𝑀 and 𝑁
increase. Moreover, the recovery rate achieved by STLS is consistently 
higher than that of Ono.

Notably, for fixed values of 𝑀 and 𝑁 , the CLRA method outperforms 
STLS in terms of minimal, maximal, and median recovery rates. These 
results underscore the robustness of CLRA, as it consistently achieves 
higher recovery rates across all trials, even under random initializations. 
This demonstrates the effectiveness of the proposed CLRA method in 
overcoming the challenges posed by random initialization, further ver-
ifying its potential to achieve global optima.

7.5.2.  Robustness analysis
To evaluate the robustness of the proposed CLRA, Gaussian noise 

with zero mean and standard deviations 𝜎 = {10−2, 10−3 ,… , 10−8} was 
added to TOA (or TDOA) measurements. Experimental setups from Sec-
tion 7.1 were used, with 𝑁𝑐 (𝑀,𝑁) = 50 configurations and 𝐼𝑛(𝑀,𝑁) =
50 initializations, resulting in 2500 implementations for each 𝑀,𝑁 . 
Estimation errors (𝑒𝑟) were categorized as 𝑒𝑟 < 10−4𝑠 (corresponding 
to 0.034𝑚 distance errors, acceptable for localization) and 10−4𝑠 ≤ 𝑒𝑟 <
10−2𝑠 (3.4𝑚 distance errors, significantly affecting localization).

Fig. 7(b) shows that for 𝜎 > 10−6, both STLS and CLRA achieve no 
results with 𝑒𝑟 < 10−4𝑠. For 𝜎 ≤ 10−6, CLRA significantly outperforms 
STLS. For example, when 𝑀 = 15, 𝑁 = 8, CLRA achieves 40% accuracy 
for 𝑒𝑟 < 10−4𝑠, compared to 6% for STLS. Moreover, CLRA consistently 
achieves better results for 10−4𝑠 ≤ 𝑒𝑟 < 10−2𝑠, indicating fewer instances 
where 𝑒𝑟 > 10−2𝑠.

In addition to simulation data, robust analyses were conducted using 
two additional datasets. For both datasets, 𝐼𝑛(𝑀,𝑁) = 100. Fig. 8 shows 
that due to larger noise (𝜎 > 10−6𝑠), most 𝑒𝑟 > 10−4𝑠, causing significant 
localization errors. However, CLRA consistently achieves lower errors 
than STLS, highlighting its potential for real-world applications.

With the added baselines SDP and SDP+LM [31], CLRA remains 
the best performer overall, yielding the smallest median errors and 
the tightest dispersion across noise levels. The advantage is most evi-
dent at higher 𝜃, where CLRA produces fewer large-error outliers than 
STLS and SDR-based methods. These results validate CLRA’s applica-
bility in domains such as smart homes, where precise synchronization 
enhances voice-activated systems, and emergency response, aiding in 
sound source localization under challenging conditions.

While our robust analysis incorporates realistic simulation and real-
world datasets, there remain certain limitations in replicating the full 
complexity of dynamic acoustic environments. Future work will extend 

this study to include: (1) Validation in dynamic scenarios, such as mov-
ing sound sources or microphones. (2) Testing in more diverse envi-
ronments, such as outdoor or industrial settings, to evaluate the impact 
of varying reverberation and noise levels. (3) Larger-scale experiments 
with extended microphone arrays to explore scalability and robustness 
in more complex networks.

8.  Conclusion

In this paper, the main focus is to estimate the UTIm in TOA (or 
TDOA) measurements, used for synchronizing microphones and sources 
in ad-hoc WASN. By studying basic LRP of UTIm in TOA (or TDOA), 
three new variants of LRP were proposed to exploit more low-rank struc-
ture rank information of UTIm in TOA (or TDOA), and a proof was given 
for proposed three variants of LRP. Then, by utilizing the low-rank struc-
ture information revealed by proposed three variants of LRP together 
with LPR for allowing to constrain the UTIm, we proposed combined 
low-rank approximate method to estimate UTIm. Experimental results 
showed better performance of proposed combined low-rank approxi-
mate method than state-of-the-arts in terms of both the recovery and 
convergence rate as well as estimation errors, this verified low-rank 
structure information exploited by proposed three variants of LRP for 
estimation of UTIm. In addition, the proposed three variants of LRP can 
also be applied to the other asynchronous applications of wireless sensor 
network if the audio information is replaced by radio signals.
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