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e Three new low-rank properties are introduced to exploit the low-rank
structure information between the time of arrival and unknown timing
information in microphones and sources, all supported by mathematical
proofs.

e A combined low-rank approximation algorithm is introduced to find
global solutions for synchronizing microphones and sources by estimat-
ing the microphones’ start time and the sources’ emission time.

e The proposed new rank properties can be adapted for use in other
fields with similar synchronization challenges, such as radio signals,
potentially benefiting a broad spectrum of applications in technology
and engineering.
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Abstract

This supplementary material provides the proof for proposed three variants
of low-rank property, and the form of the Jacobian matrix for proposed com-
bined low-rank approximation method.

The proof for three variants of low rank property (LRP) is based on two
parts:

1) the LRP presented by state-of-the-arts [1, 2, 3] (Eq. (11) in the main
manuscript: rank(D 4 U) < 3).

2) the theory of linear algebra [4, 5, 6]. By defining three matrices E €
R™" @ € R™ and O € R™" and two column vectors # € R™ and
o € R™ then we can have the corresponding linear algebra theorem [4, 5, 6]:

Theorem 1: Given one linear system Ef = o, with coefficient matrix E,
augmented matrix [E 0} € R™*(+1) and unknown column vector § € R”,
the following two items are sufficient and necessary if m > n:
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e If rank(E) = rank([E o]) = n, E§ = o has a unique solution, and
vice versa.

o If rank(E) = rank([E o]) < n, E§ = o has multiple solutions, and
vice versa.

Based on the Theorem 1, we can extend one linear system to multiple
linear systems by replacing those two column vectors, 6 and o, with two
matrices, ® and O, respectively, then those two items in Theorem 1 are also
sufficient and necessary [6]. Next, Sections A1, A2, and A3 show the proof
of proposed LRPV1, LRPV2, and LRPV3, respectively. Finally, Section A4
provides the derivation of the Jacobian matrix for the proposed combined
low-rank approximation (CLRA) method.

A1: Proof for Proposed LRPV1

This section shows the proof for the proposed LRPV1 in subsection A
first, i.e., if M —1 > N — 1+ 3, we shall prove

rank (T7) < N —1+ 3, (1)

where T} = [D U} € RM-1)x2(N-1). ph ¢ RM-D)x(N-1). J ¢ RIM-Dx(N-1).
M and N are the number of microphones and sources, respectively. Then, we
show the details that result in rank (T7) < N—1+3 or rank (T;) = N—1+3
in subsection B.

A: Proof for LRPV1

From the LRP in state-of-the-arts [1, 2, 3]: rank(D + U) < 3, we can see
that there exist 3 column vectors from matrix D + U that could represent
other column vectors of D + U [1]. For the convenience of analysis, we
assume the first 3 column vectors of D + U are independent of each other,
then we can also assume that there is an unknown matrix X € R3*(N-1-3)
that enables the first 3 column vectors of matrix D + U to represent the
remaining column vectors of matrix D+ U [1, 3], i.e.,

(D13 +U.13)X =D.griv-1 + Uzpiv (2)
Then, we can write Eq. (2) as the matrix multiplication form
X
[D U:,1:3] —I| = U:,3+1:N—17 (3)
X
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where I € RW-1=3)x(N=1-3) ig the identity matrix.
X
Since matrix | —I| € RW-1H+3)x(N=1=3) the number of row for this matrix
X
is N — 1+ 3. In addition, we can also see that the coefficient matrix and
augmented matrix in Eq. (3) are [D U;,l;g} and [D U}, respectively. Then
based on the Theorem 1 [4, 5, 6], we can have

rank([D U, 13]) =rank([D UJ]) < N —1+3. (4)

Now, we consider the conditions that lead matrix [D U} to be low-rank
matrix. For one matrix, the number of both rows and columns for this matrix
should be larger than the corresponding rank if such a matrix has low-rank
property. Thus we need to consider two aspects, i.e., both number of columns
and rows for matrix [D U] € RM=Dx2(N=1),

1) We consider the number of columns for matrix [D U], i.e., 2(N —1).
Since N — 1 > 3, we can have 2(N — 1) > N — 1 + 3, which means that
the number of columns for matrix [D U} must be larger than the rank for
matrix [D U], ie, N—1+3.

2) We consider the number of rows for matrix [D U}, ie., M —1. From
the conclusion of first aspect that the number of columns for matrix [D U}
is larger than the corresponding rank of matrix [D U} already, we can
see that if the number of rows for matrix [D U] is larger than the rank for
matrix [D U], ie., M—1> N—1+3, matrix [D U] is a low-rank matrix.
This completes the proof for LRPV1 that rank (T;) < N — 1+ 3 if
M—-1>N-1+3.

B: Details for LRPV1

From Eq. (4), we can see that N — 1 + 3 provides a upper boundary
of rank for matrix [D U] if M —1> N —1+4 3. Now, we analyze this
upper boundary, i.e., the condition that leads mnk([D U}) <N-1+3
or rank( [D U}) = N — 1+ 3. We divide the corresponding proof into two
situations, i.e., rank(D + U) < 3 and rank(D + U) = 3.

Situation 1: If rank(D. 1.3+ U.1.3) < 3, we can have mnkz([D UD <
N —1+3.

Proof: From Eq. (3), we can see that sub-matrix / in Eq. (3) is identity
matrix. Since the identity matrix is unique, we need to consider whether
matrix X is unique or not. From the LRP [1, 2, 3], the corresponding rela-
tionship in Eq. (2) and the Theorem 1 [4, 5, 6], it is obvious that matrix X
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has multiple solutions if rank(D. 1.5+ U. 1.3) = rank(D + U) < 3, thus, with
Eq. (3), we can have rank([D U]) < N — 1+ 3. This completes the
proof for Situation 1.

Situation 2: When rank(D. .3 + U.1.3) = rank(D + U) = 3, we can
have three groups:

Group 1: If rank(D) < N —1 or rank(U) < N — 1, it leads

rank([D U]) <N —1+3. (5)

Proof: We use the basic knowledge of linear algebra [6] to prove Eq. (5),
i.e., multiplying all the elements of a certain column of the matrix by one
same constant and then plus them to the corresponding elements of another
column, it is obvious that the number of rank for the corresponding matrix
remains unchanged [6]. Thus, if we multiply all of elements of j* column of
matrix [D U] by 1, then plus them to the {j + N — 1} column of matrix
[D U} where j =1, ---, N —1, we can have

rank([D U]) =rank([D D+ U]). (6)

Since there just three columns of matrix D + U are independent of each
other, i.e., rank(D + U) = rank(D.1.3 + U.1.3) = 3, then we can have

rank([D D+ U]) =rank([D D, 3+ U, 3]). (7)

For matrix [D D.is+ U;,l;g] in Eq. (7), we can see that if rank(D) <
N — 1, it means that there exists one column vector of matrix D can be
represented by the remaining column vectors of matrix D, resulting in

Tank( [D D:,1:3 + U;J;gb <N -—-1+43. (8)

With Egs. (6), (7) and (8), we can have

rank([D U]) <N —1+3. (9)

This completes the proof that rank([D U]) < N—1+3 if rank(D) <
N —1.

Similarity, if we multiply all of elements of {j + N — 1} column of
matrix [D U} by 1, then plus them to the j** column of matrix [D U}
where j =1, ---, N —1, we can have

rank([D U]) =rank([D+U UJ). (10)
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With Eq. (10), then follow the same steps as Eqs. (7), (8) and (9), it is
easily prove that if rank(U) < N — 1, we have

rank([D U]) <N —1+3. (11)

This completes the proof that mnk([D U]) < N—=1+4+3 if rank(U) <
N —1.

With Egs. (9) and (11), we can conclude that rank([D U]) < N—1+3
if rank(D) < N — 1 or rank(U) < N — 1. This completes the proof for
Group 1.

Group 2: If rank(D) = rank(U) = N—1 and rank([D;J;g U;71;3]) <6,
it leads

rank([D U]) < N —1+3. (12)

Proof: First, we show one conclusion from the precondition that the
rank of matrix [D;71;3 U:’1;3}) is less than six, i.e., TCLTL]C([D;’L?, U:71;3D <6
in Group 2. For any index 4 <n < N — 1, it is obvious that

rank([D.1.3 D., U.1s]) <rank([D.1s U.is]) + 1. (13)

Since rank([D;J;g U;’l;g}) < 6, we have rank([D;J:g U;71;3]) +1 <
6 + 1 = 7. Finally, from Eq. (13), we can conclude that

rank([D.1.3 D, U.1s]) <7. (14)

Next, we use the contradiction method [7] to prove Eq. (12), i.e., we
assume that rank([D U]) < N — 1+ 3 is wrong, then from Eq. (4), we can
have

rank([D U])=N—-1+3. (15)

With Eq. (15), we have the following observation.

Observation: For any index 4 < n < N — 1, we have the observation
that TCLH/C([D;J:;), D:,n U;71;3:|) =1.

Proof: With Eq. (15), then for any index 4 <n < N — 1, we can have

Tank([D:,l:S D:,n U:,1:3 U:,n}) — 4 -+ 3 = 7 (16)

By performing the elementary operation for the corresponding matrix
[D:71:3 D., U.,; U:,n] in Eq. (16), i.e., multiply all of elements of ;™
column of matrix |:D;71;3 D., U.;3 U:,n] by 1, then plus them to the



{j+4}" column of matrix [D;,1;3 D., U.3 U;ﬂn} where j =1, ---, 4,
then from Eq. (16), we can have

Tank( [D:,1:3 D:,n D:,1:3 + U:,1:3 D:,n + U:,n]) =T. (17)

Since D.,, +U.,, are dependent with D. 1.3+ U. 1.3, from Eq. (17), we can
have

rank([D.1.3 D., D.13+U.13]) =7. (18)

Also, by performing the elementary operation for the corresponding ma-
trix |:D;7]_;3 D., D.i3 —|—U:71:3] in Eq. (18), i.e., multiply all of elements
of j"* column of matrix [D;’m D., D.is+ U;71;3} by —1, then plus them
to the {j + 4}th column of matrix [D;J;g D., D.is +U;,1:3} where j =

1, 2, 3, then from Eq. (18), we can have

rank([D;15 D, U.13]) =T (19)

This completes the proof for Observation.

On one side, Eq. (14) validates that rank( [D;,1;3 D., U;,lzg}) < 7.
On the other side, Observation shows that rank( [D;,1;3 D., U;’l;g}) =7
when rank([D U]) = N —1+3, this causes a contradiction. Since Eq. (14)
is correct, we can conclude rank( [D U}) = N — 1+ 3 is wrong and have

rank([D U]) < N —1+3, (20)

under the two following conditions that rank(D) = rank(U) = N — 1 and
mnkz([D:,l:g U;J;g]) < 6. This completes the proof for Group 2.
Group 3: If rank(D) = rank(U) = N—1 and rank([D;71:3 U171:3]) =6,
it leads
rank([D U])=N—-1+3. (21)

Proof: We also use the contradiction method [7] to prove Eq. (21) is
correct, i.e., we assume rank(|[D U]) = N — 1+ 3 in Eq. (21) is wrong,
then from Eq. (4), we can have

rank([D UJ]) <N —1+3. (22)

With Eq. (22), we can have rank([D U]) = N—1+2orrank(|[D U]) <
N — 1+ 2. Next, we will show both rank([D U]) = N — 1+ 2 and
rank([D U]) < N — 1+ 2 are wrong with two steps.
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Step 1: If rank([D U]) = N — 1+ 2 is correct, we have the following
two observations.

Observation 1: The number of ranks for matrix [D U:ng} is a func-
tion of N — 1, i.e., rank([D U;yl;g}) =N-—-1+2.

Proof: With both rank([D U]) = N — 1+ 2 and the statement from
Eq. (4) that rank(|D U]) =rank([D U.;.]), it is obvious that

rank([D U.13]) =N —1+2. (23)

This completes the proof for Observation 1.

Observation 2: The number of ranks for matrix [D U;,1:3} is constant
which means it will not vary with N — 1.

Proof: 1f rank([D U}) = N — 1+ 2, it implies that for any index
4 <n< N —1, we have

rank( [D:,1:3 D:,n U:,1:3 U:,n]) =44+2=6 (24)

Then do the elementary operation for matrix [D:71:3 D., U.s U:,n]
in Eq. (24), i.e.,, we can multiply all of elements of j** column of matrix
[D:’l:g D., U.,; U:m] by 1, then plus them to the {j + 4} column of
matrix [D:71;3 D., U.3 U;,n] where j =1, ---, 4, we can have

Tank( [D:,1:3 D:,n D:,1:3 + U:,1:3 D:,n + U:,n]) = 6. (25>

Since D.,, + U., can be represented by D. .3+ U. 13, i.e., rank(D. 1.3 +
U.1.3) = rank( [D;71;3 +U.;3 D.,+ Um] ), then from Eq. (25), we have

Ta'nk( [D:,I:S D:,n D:,1:3 + U:,1:3]) = 6. (26)

Also, by performing the elementary operation for the following matrix
[D:,Lg D., D.i3+ U:71:3} in Eq. (26), i.e., multiply all of elements of ;%
column of matrix [D;,m D., D.is+ U:71:3} by —1, then plus them to the
{j +4}" column of matrix [D;’l;g D., D.i3+ U;71;3] where j =1, 2, 3,
then from Eq. (26), we can have

’f’(lnk([D:,l:?) D:,n U:,l:3}) = 6. (27>

From the precondition that rank([D:71;3 U:,lzg]) = 6 in Group 3 and
Eq. (27), we can have

rank([D:,I:S U:,1:3}) = T(Inl{'([D;’l;g D:,n U:,1:3}> = 6. (28)
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Eq. (28) implies any D.,, can be represented by [D;’1;3 U;}l:g]. In addi-
tion, since n C {4, ---, N — 1}, we have

rank([D:71:3 U;,l;g}) = rank;([D U:ng]) = 6. (29)

This completes the proof for Observation 2.

On one side, Observation 1 shows that the number of ranks for matrix
[D U;J;g} is a function of N — 1, i.e., the number of ranks varies with
N — 1, On another side, Observation 2 shows that the number of rank
for matrix [D U;71:3} is a constant, meaning the number of rank for matrix
[D U:71:3:| will not vary with N — 1, this causes a contradiction. Thus
rank([D U]) =N —1+2 is wrong.

Step 2: If rank([D U]) < N —1+ 2, we have the following one obser-
vation.

Observation 3: mnk([D:J;g U;,1;3]) < 6.

Proof: 1f mnk([D U]) < N —1+42, it implies for any 4 < n < N — 1,
we have

rank([D.1s D., U.s U.,|) <4+2=6. (30)

By performing the elementary operation for the corresponding matrix
[D:71:3 D., U.14 U:,n] in Eq. (30), i.e., multiply all of elements of ;™
column of matrix |:D;71;3 D., U. 4 U:,n] by 1, then plus them to the
{j+4}" column of matrix [D;,l:g D., U.4 U:ﬁn] where j =1, ---, 4,
then from Eq. (30), we can have

TCLle( [D:,1:3 D:,n D:,1:3 + U:,I:S D:,n + U:,n]) < 6. (31)

Since D. ,, +U. ,, are dependent with matrix D, 1.3+ U. ;.3, in other words,
?”CLTL]{Z([D:,l;g +U., 3 D.,+ Uz,n}) = rank(D. 1.5 + U.1.3), then from Eq.
(31), we can have

Tank'( [D:,I:?) D:,n D:,1:3 + U:,1:3]) < 6 (32)

Also, by performing the elementary operation for the corresponding ma-
trix [D:71:3 D., D.ij +U;,1;3} in Eq. (32), i.e., multiply all of elements
of j** column of matrix |:D;,1;3 D., D.is+ U;71;3} by —1, then plus them
to the {j + 4} column of matrix [D:71:3 D., D.is +U:71:3} where j =

1, 2, 3, then from Eq. (32), we can have

rank‘([D;,Lg D., U;,1:3D < 6. (33)



Since
rank([D. 13 U.1s]) <rank([D.1s D., U.is]), (34)
then with Eq. (33), it implies
T‘CL?’LkI([D;J;g U;,lzg]) < 6. (35)

This completes the proof for Observation 3.

On one side, Observation 3 shows that the number of rank for matrix
[D:71:3 U;,l;g} < 6 when Tfmk([D U}) < N — 1+ 2, on another side, the
precondition in the Group & shows that [D;71;3 U:71;3] = 6, this causes a
contradiction. Thus rank([D U]) < N —1+2 is wrong.

In conclusion, Step 1 validates that rank([D U]) = N —1+2is wrong
and Step 2 shows that rank([D UJ]) < N — 1+ 2 is wrong, thus we can
conclude that rank([D U]) < N—1+2is wrong and rank([D U]) = N-—
143 is correct if rank(D) = rank(U) = N —1 and rank( [D;71;3 U;J;g]) = 6.
This completes the proof for Group 3.

A2: Proof for Proposed LRPV2

This section shows the proof for proposed LRPV2 in subsection A first,
ie,if N—1> M — 1+ 3, we shall prove

rank (T5) < M — 1+ 3, (36)

where Ty = [DT U] € RW-D>*2M=D " Then, we show the details that
lead rank (T5) < M — 1+ 3 or rank (T5) = M — 1 + 3 in subsection B.

A: Proof for LRPV?2

From the LRP in state-of-the-arts [1, 2, 3]: rank(D + U) = rank(D7T +
UT) < 3, we can see that there exists 3 row vectors from matrix D + U that
could represent remaining row vectors of D 4+ U [1]. For the convenience of
analysis, we assume the first 3 row vectors of matrix D + U are independent
from each other, then we can assume that there is an unknown matrix X e
R3*(M=1-3) that enables the first 3 row vectors of matrix D + U to represent
the other row vectors of matrix D + U i.e.,

(DE&: + Ui:},:)x = D§+1:M71,: + U§+1:M71,:- (37)



Then, we can write Eq. (37) as the matrix multiplication form

~

X
[DT UE&;} _AI :U§+1:M—1,;7 (38>
X

where I € RM-1=3)x(M=1-3) j5 the identity matrix.

X

Since matrix |—I

X

matrix is M — 1 + 3. In addition, we can also see the coefficient matrix and

augmented matrix in Eq. (38) are [D” Ufg ] and [DT U], respectively.
Then based on the Theorem 1 [4, 5, 6], we can have

e RM-143)x(M=1-3) " the pumber of rows for this

rank([DT Uls.]) = rank([DT UT]) <M —1+3. (39)

Now, we consider the conditions that lead matrix [DT UT} to be low-
rank matrix. For one matrix, the number of both rows and columns for
this matrix should be larger than the corresponding rank if such a matrix
has low-rank property. Thus two aspects need to be considered, i.e., both
number of columns and rows for matrix [DT UT| € RW-1>x2(M=1),

1) We consider the number of columns for matrix [DT UT}, ie., 2(M —
1). Since M —1 > 3, we can have 2(M — 1) > M — 1+ 3, which means that
the number of columns for matrix [DT UT] must be larger than the rank
for matrix [DT UT], ie, M —1+3.

2) We consider the number of rows for matrix [D” U], ie, N — 1.
From the conclusion of first aspect that the number of columns for matrix
[DT UT} is larger than the corresponding rank of matrix [D? UT] already,
we can see that if the number of rows for matrix [D” U] is larger than the
rank for matrix [DT UT}, ie., N—1> M—1+3, matrix (DT UT} is a low-
rank matrix. This completes the proof for LRPV2 that rank (T3) <
M—-1+3itN—-1>M—1+3.

B: Details for LRPV?2

From Eq. (39), we can see that M — 1 + 3 provides a upper boundary of
rank for matrix [D” U”] if N—1 > M —1+3. Now, we analyze this upper
boundary, i.e., the condition that leads rank([DT UT]) < M —1+ 3 or
rank( [DT UTD = M — 1+ 3. We can also divide the corresponding proof
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into two situations. Situation 1: If rank(D{,, + Ufs,) = rank(D" +
UT) < 3, we can have rank([D” UT]) < M — 1+ 3. And Situation
2: If rank(D{,, + Ul;,) = rank(D" + U”) = 3, we can also have three
groups. Group 1: If rank(D?) < M — 1 or rank(UT) < M — 1, it leads
rank([DT U']) < M—1+3. Group 2: If rank(D") = rank(UT) = M —1
and rank([D{,, Ufs.]) < 6itleads rank([D” U”]) < M—1+3. Group
3: If rank(DT) = rank(UT) = M — 1 and rank([D{,, Uf,.]) = 6 it leads
rank( [DT UT}) = M —1+3. Finally, by using the same proof procedure as
LRPV1 in Section A1-B, it is easy to prove those two situations above. This
completes the proof for the conditions that lead rank(|[DT UT)) <
M —1+3 or rank([D" U"])=M —1+3.

A3: Proof for Proposed LRPV3

This section shows the proof for the proposed LRPV3 in subsection A
first, i.e.,

rank (T3) < min(N —1+3, M — 1+ 3), (40)
where T = {3 g} € R2M=1>x2(N=1)  Then, we show the details that lead

rank (T§) < min(N—1+3, M—1+43) or rank (T%) = min(N—1+3, M —1+3)
in subsection B.

A: Proof for LRPVS3

We consider two situations for LRPV3, i.e., M > N and M < N.
If M > N, the proof for LRPV3 in Eq. (40) is transformed to

mnk(B ngN—H:a. (41)

From Eq. (2), we can have

D.13X —=D.sgyinvo1 + U 13X =U. 311,81 (42)
U. 13X —U.spivo1 +D1sX =D s1iv—
Then we can write Eq. (42) as matrix multiplication form
X
D U:,1:3 1| = U:,3+1:N—1 (43)
U D:,1:3 X D:,3+1:N—1 ’

11



where I € RW-1=3)x(N=1-3) ig the identity matrix.

X
Since matrix | —I| € RWN=1H3)x(N=1=3) "the number of rows for this ma-
X
trix is N — 1 + 3. In addition, we can see the coefficient matrix and the

o D U, D U .
augmented matrix in Eq. (43) are {U D:J:J and {U D]’ respectively.
Then based on the Theorem 1 [4, 5, 6], we can have

rank( B gzjﬂ) — rank( [3 g}) <N-1+3. (44)

This completes the proof for LRPV3 when M > N.
If M < N, the proof for LRPV3 in Eq. (40) is transformed to

i ([2 ) <14 -

From Eq. (37), we can have

Drip:s,:{( - D§+1:M—1,: + U{&:{( = U3T+1:M—1,: (46)
U,{:B,:X - U?’:—i—l:M—l,: + D?:?),:X = Dg—&-l:M—l,:
Then we can write Eq. (46) as matrix multiplication form
X
[D; U;3,::| Il = |:U§+1:M1,} ) (47>
8] Dl:3,: Y D3+1:M71,:
where I € RM—1=3)x(M=1-3) j5 the identity matrix.
X
Since matrix |—I| € RM-13)x(M=1=3) " the number of rows for this
X

matrix is M —1+43. In addition, we can also see the coefficient matrix and the
{DT ut, } d {DT UT} 1
augmented matrix in Eq. (47) is ' an , respectively.
g q ( ) UT D{:g’: UT DT P Y
Then based on the Theorem 1 [4, 5, 6], we can have

DT UIL,. DT U7T
rank( [UT DiTi]) = rank( [UT ng) <M-1+3. (48)
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p” u”] [D u|’
Since ur pr| = |u pl o Wecan have
T
D U D U
rank( [U D} ) = rank( {U D]) <M-1+3. (49)

This completes the proof for LRPV3 when M < N.
Finally, Based on Eq. (44) when M > N and Eq. (49) when M < N, we
can have

rank( [3 g}) <min(N —1+3,M — 1+ 3). (50)

This completes all the proof for LRPV3.

B: Details for LRPVS3

We first show the details of LRPV3 in Eq. (44) when M > N and then
the details of LRPV3 in Eq. (48) are displayed when M < N.

(1) M > N: From Eq. (44), we can see that N — 1 + 3 provides a up-

per boundary of rank for matrix 3 ][)J} if M > N. Now, we analyze this
) " D U
upper boundary, i.e., the condition that leads rank( U D )< N—-1+3

or rank( {3 ][:)J

situations. Situation 1: If rank(D. 1.3+ U.1.3) = rank(D+U) < 3, we can
D U

U D )

rank(D+U) = 3, we can have three groups. Group 1: If rank(D) < N—1

or rank(U) < N — 1, it leads rank( [3 g]) < N—-1+3. Group 2:

If rank(D) = rank(U) = N — 1 and rank([D.1.3 U.13]) < 6 it leads
{D U
rank(

] ) = N — 1+ 3. We divide the corresponding proof into two

have rank( < M — 1+ 3. Situation 2: If rank((D.13+ U.13) =

U D]) < N —-1+3. Group 3: If rank(D) = rank(U) = N — 1

and rank([D.15 U.13]) = 6 it leads mnk;({g g

the proof of these two situations, first, by performing the elementary op-
U

U D

}):N—1+3. For

eration for matrix [ }, i.e., multiply all of elements of i row of ma-

trix {3 g} by 1, then plus them to the {i + M — 1} column of matrix

13



D U . D U
{U D} where i = 1, ---, M — 1, then we can have Tcmk({U D}) =

D U .
rank( {D LU U+ D} ) < N —1+4 3. Then by using the same proof proce-
d LRPV1 in Section A1-B f tri D U it 1 t
ure as in Section Al-B for matrix | 57 vy 5 | it s easy to

prove those two situations above. This completes the proof for the con-

oy D U D U
ditions that lead rank( {U D]) < N—1+3 or rank( {U D]) =N-1+3
when M > N.

(2) M < N : From Eq. (48), we can see that M — 1 + 3 provides a
DT U7”
} if M < N. Now, we ana-

U’ DT
DT U”T
UT DT‘| )

upper boundary of rank for matrix [

lyze this upper boundary, i.e., the conditions that leads rank( [
DT UT
Ut DT
ing proof into two situations. Situation 1: If rank(Dis, 4+ Uls,) =

T T

3T BT}) < M—-1+3. Sit-
uation 2: If rank(D{, + Ul;.) = rank(D" 4+ UT) = 3, we can have three
groups. Group 1: If rank(D?) < M — 1 or rank(UT) < M — 1, it leads

DT U7”
rank( {UT DT]) < M—1+3. Group 2: If rank(DT) = rank(UT) = M—1
DT U7T

and mnk([D{&: U{&:]) < 6 it leads rank( [UT DT )

3: If rank(DT) = rank(UT) = M — 1 and rank([D{;. Ul;.]) = 6 it

T T
leads rank( [3T ET} )

M—-1+3or rcmk({ }) = M — 1+ 3. We divide the correspond-

rank(DT + UT) < 3, we can have mnk‘([

< M—1+3. Group

= M — 1+ 3. For the proof of these two situa-

DT UT
UT DT:|7

tions, first, by performing the elementary operation for matrix {

DT U7T
i.e., multiply all of elements of j* row of matrix [UT DT} by 1, then
T T
plus them to the {j + N — 1}** column of matrix [UT DT where j =
DT UT
1, ---, N—1, then from Eq. (44), we can have rank( [UT DT}) =

14



D7 U’

rank( {DT +UT UT+DT

] ) < M —1+3. Then by following the same proof

D” Ut .
|iDT + UT UT + DT ) 1t
is easy to prove those two situations above when M < N. This completes

T 7T
the proof for the conditions that lead rank( {BT ET]) <M-1+3
DT UT

U’ DT

procedure as LRPV1 in Section A1-B for matrix

ormnk({ ]):M—1+3 when M < N.

A4: Form of the Jacobian matrix for combined low-rank approxi-
mation Method

This section shows the form of the Jacobian matrix [8] of the proposed
CLRA method: J = 0q/0p where column vector p = [67, 77,7, y”, 27, WT}T €
R S =[6 o by]si=[in - in] s P=M+N—1+3(N—1-
3)+MyR2(N—-1)—My)+(N—=14+3)(N—-1-3)+ (M —1+3)(M —1-3);
My =min(M —14+3,N — 1+ 3) and

and v(-) denotes operation for column-wise matrix vectorization; and the
size of the following matrices are X € R3>*WV-173). 'y ¢ RMvxCN-1)=My),
7 € RW-IE)X(N-1=3). W ¢ RM-1+3)x(M=1-3) and column vector q =
[£a7 AT T afp” Bte”] € RO,

fa =0(U)

fs =v(A+F)X-B-G)

fo = v(T3,Y — Tjy) , (51)
fp = v(T1,Z — T1,)

fp = v(T5, W — T3,)

- =D. ;.
B=D .y € RM-DXN-1=9 F = U ;3 € RMD3 G =U. 3,181 €
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R(Mfl)x(Nflf?;); Til _ Ti:,l:N—1+3 c RM-1)x(N-1+3). T>‘1<2 — Tl N43:2(N_1)

R(Mfl)X(Nflfg)' T3 =T5 1143 € R(Nil)X(MfHS) T3 = T3 misou-1)
c R )x(M—1-3). T*l — T My c RQ (M-1) ><MN T* T;;,MN+1;2(N_1) c
RAM-1)x(2(N-1)— MN) and \, o, 6 and 7y are parameters for LRP and proposed
three variants of LRP, respectively; In addition, matrices D and U are de-
fined in (9) of the main manuscript; matrices T3, T4 and T are defined in
(12), (13) and (14) of the rnain manuscript respectively.

The Jacobian matrix J = 33 can be calculated as follows:

8
8fA 8fA . ofa
/\%%B ,\8¥ e /\%
J= 1| _ ow (52)

B BfE B 8fE . B 8fE

Then the computation of block matrices in Eq. (52) can be expressed as

follows: ) i

ot = [o(@) - o(Z2)

ofa _ |, 0U U

B = _U(a—,-n) v(g5y)

Ofa _ U ouU

o = |Vlex) “(6x3,<N-1-s>)} (53)

Ofa _ oU \ ... ou ’

8__5 - _U(E‘)Yr,r) U(aYMN,(2(N—1)—MN))]

Ofa _ oU oU

3_: - _v(azl,l) /U<8Z(N71+3),(N71—3))

Ofa _ ouU \ . oU

\B_VI: - _U(Bwr,r) v 3W(M—1+3),(M—1—3))

L —2(ty,; — ¢ 21); k=1
where % = ( b 1)+ ,n]’ and 7T, j, is rep-
k (2(ti; —tin) —20;)e tin, k=2,--- M

resented by 1= {(1) E#Z =2, ..., Mandj =2, ---, N, and
aUg—nlk’j_l = (—2({3 tl,j) + 2((51 — 52)). Tj,k for k£ = 2, ety N, and
%_Ofork_r 2, 3andl=1, ---, N—1—3,andan’—:Jl’1=O
fork=1, ---, Myandl=1, ---, 2(N—1)— My, and “’Uaz—lll =0
fork=1, -, N=14+3andl=1, ---, N—1-3, and 5=t =0
fork=1, -+, M—-1+3andl=1, ---, M—1-3.
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Denote V = (A +F)X — B — G, then

((ofg _ av A
8_:';3 - U(dél) v<85M>
- ) o
Y 72 TN
% — [o(R5) - v XW — 3)>}

: (54)
= o) )
oy oY1, 8Y1MN 2(N 1)—Mpy
of; oV
8_zB = ’U( 07, ) (3ZN 143, N—1— 3)
ofg __ oV oV

L 8_v]3 - U<8W1 1) o <3WM—1+3,M—1—3)

where TPzt — 570 (2(ius1 — Biusn + E10)Xugo1) — 200548 — B +

t11) fori =2, ---, Mand j = 2, ---, N—3, and 8\/3%:1;71 =Tik
.{Zu (2 (zu+1—tz1—ﬁu+1)Xuj 1)—2(f<,j+3—£“—f7j+3)}fork:2, e, M,
and 8Via—'1,j—1 — ( 2(t k_tlk)+2(51 5))Xk 1,5—1 k:27 747 and
1l (2(fij13 — b10s) — 2001 — &))@ Thjus k=5, N
Tt =ty o(A+F), y,fork=1, 2, 3andl=1, ---, N-1-3,
and%_omrk_1 oo, Myandl=1, -, 2(N—1)— My,
and%—Ofork—l o, N—1+43andl=1, -, N—1-3,
andaVB’lejl—Ofork—l oo, M—1+3andl=1, ---, M—1-3.

Denote V1 = T35, Y — T5,, we have

(ofc _ [ ovi
8_:? - _U( 8 1 ) U( (5 )
- B - )
of. I a V1
8_3(5: U(X ) <X3(N13))i|
ofc __ I V ovV1 ? (55>
oy _U(aY ) (3YMN 2N-1)— MN)
of, oV1 ovVi
3_;: - _U( 0Zy 1) (3ZN 143,N—1— 3)}
Of ovi oV1
. 5’_\3 - U(awl 1) v OWr_143,M-1-3 >i|
where Wlé—gkl’j_l = ZM:N1[8;;i1]¢_1,uYu,j—1—[8;3 Jictjafori=2, - 2M —1,
j=2 -, 2N—1-Myandk=1, ---, M, and o=t = (YN [Tn],
Y. — [52]i;) for k=2, ---, N, and avésclf = 8[T§1Y5;§j]i_l’j_l =0
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fork=1, 2, 3,1=1, -+, N—1-3 and Z58=" =f,; , o(T5y),_,,,

8Yk,l
OV1; 1,
fork=1, ---, Myandl=1, ---, 2(N—1)—MN,and#:O
OVl 1,
fork=1, -+, N—1+3andl=1, -+, N-1-3 and —5z+— =0
k.l
fork=1, ---, M—-14+3andl=1, ---, M—-1-3.
Denote V2 = T7,Z — T7,, we have
. _
ofp _ [, oV av2
a _U< 95, ) v(aSM)
ofp _ V2 V2
or = |V(5%) V(G )
ofp av2y . V2
ox _U(axl,l) U(BXB,(NA*?)))} (56)
b ,U(BVZ) ’U( A ) !
gy — | V0¥ OY pry 2(N—1)- My
ofp V2 V2
0z 0(821,1) U<BZN—1+3,N—1—3 )]
ofp ov2 \ V2
G _U(3W1,1) U(aWM71+3,M7173)
8V2i,17j,1 o N—-1+4+3 8Ti1 8T;2 -
where ok, Dt [a—(gk]i—l,uzu,j—l—[W]z‘—lu‘—l fori=2, .-, M,
. 8V2i,1",1 N—1+3;0T%
]:27 T N_Bandkzla T MvandiJ:(Zuzl [ﬁ]i—l,u
T OV2; 1,
Zu,j—l — [Wf]i—l,j—l) for k£ = 2, SR N, and # = 0 for k =
OV2, 1.,
1, 2, 3andl =1, ---, N—1—3,andﬁ:0f0rk:1, <o, My
_ V21,1 _ *
and [ = 1, ---, 2(N—1)— My, and o =T1j-1 ®(Ti1); 1, for
OV2; 1,
k=1 -+, N-1+3andl =1 -+, N-1-3and 5+ =0
fork=1, -+, M—-14+3andl=1, ---, M—1-3.
Denote V3 = T5; W — T%,, we have
) _
e V3 V3
2% _v( 26 ) (55,
s _ |, 0V3 avs
or = V() (G )
ofg __ V3 V3
= [0S o x| (57)
e U( ov3 ) U( ov3 ) ’
gy T | \9Yia OY My 2(N—1)— My
e V3 V3
0z U(3Z1,1) U<3ZN—1+3,N—1—3 )i|
e av3 \ . V3
L oW _U(8W1,1> U<BWM—1+3,M7173)
8V3i,1",1 _ M—-1+3 8T;1 8T§2 L
where === =5 U5 i na W =[5l fori =2, - N,
L o 6V3¢,1,',1 o M—-1+3 6T§1
17=2, ---, M—3andk=1, ---, M,andij—(Zu:l [aﬁk]i—lvu
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W1 — [8T§2]i_1,j_1) for k =2, -, N, and &3t — 0 for k =

On 0Xg.1
1, 2, 3andl=1, ---, N—1—3,and8"§;——;j-120f0rk:1, <o, My
andl =1, ---, 2(N—1)—MN,andwg”z—;l;j’1:Ofork:1, vy, N—1+4+3
and | = 1, ---, N—1-3 and P55t =1,y o(Ty), ,, for k =
1, -, M—1+3andl=1, ---, M—1-3.
Table

Table 1: Summary of Notations

Symbol Description Dimension

M Number of mics Scalar

N Number of acoustic sources Scalar

R Matrix for mic position 3x M

r; Vector for " mic position 3x1

S Matrix for sources position 3x N

S Vector for j* sources position 3x1
Asynchronous TOA matrix M x N

i Asynchronous TOA between i mic and j** Scalar
sources

c Speed of sound Scalar

¢ Asynchronous TDOA matrix (M —1)x N

Gij Asynchronous TDOA between i** mic and Scalar
4t source

) Vector for unknown start time of mic M x1

0; Unknown start time of i mic Scalar

i Vector for unknown emission time of source N x 1

n; Unknown emission time of j* source Scalar

J Time offset between the i mic and 1°* mic Scalar

f); Negative value for synchronous TOA be- Scalar

tween 1°* mic and j** source

Continued on next page
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Table 1: Summary of Notations (continued)

Symbol Description Dimension
oi Negative value for time offset between the Scalar
i" mic and 1°* mic
ti Transformation of asynchronous TOA be- Scalar
tween " mic and j*" source
5i Transformation of unknown start time for Scalar
it" mic
1; Transformation of unknown emission time Scalar
for j1" source
C” Transformation of asynchronous TDOA be- Scalar
tween " mic and j*" source
61 Transformation of unknown start time for Scalar
it" mic
1 Transformation of unknown emission time Scalar
for %" source
D Matrix for elements of asynchronous TOA (M —1) x (N —
1)
U Matrix for element of asynchronous TOA (M —1)x (N —
and unknown time 1)
rank(-) Rank operator Integer
T," Elements for matrices D and U (M—1)x2(N—
1)
Ty* Elements for matrices D and U (N—1)x2(M—
1)
Ts* Elements for matrices D and U 2(M — 1) x
2(N —1)
min{-} Minimum operator Scalar
A First three columns of matrix D (M—1)x3
B Remaining columns of matrix D (M —1)x (N —
1-3)
F First three columns of matrix U (M—1)x3

Continued on next page
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Table 1: Summary of Notations (continued)

Symbol Description Dimension

G Remaining columns of matrix U (M —1)x (N —
1-3)

X Coefficient matrix for estimation 3x (N—-1-3)

Ti1* First N — 1+ 3 columns of matrix T;* (M —1)x (N —
1+3)

Ti2" Remaining columns of matrix T1* (M—1)x (N -
1-3)

Z Coefficient matrix for estimation (N —1+3) x
(N—1-3)

To* First M — 1 + 3 columns of matrix Ts* (N—1)x (M—
1+3)

Tao" Remaining columns of matrix Ty* (N—1)x (M-
1-3)

W Coeflicient matrix for estimation (M —1+3) x
(M —1-3)

My Defined as My = min{N +2, M + 2} Scalar

T3 " First My columns of matrix T3* 2(M —1) x My

Tso" Remaining columns of matrix Ts* 2(M — 1) x
(2(N=1)—My)

Y Coeflicient matrix for estimation My x (2(N —
1) — My)

f Objective function N/A

Ao, B,y Penalty parameters Scalars

O Case label: M — N >3 N/A

Cy Case label: N — M >3 N/A

Cs Case label: [M — N| <3 N/A

v(+) Column-wise matrix vectorization N/A

X, Element of i'® row and j** column in matrix Scalar

X

Continued on next page
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Table 1: Summary of Notations (continued)

Symbol Description Dimension
Q Dimension (length) of vectors q (M —1)(8(N —
1)—2Myn—6)—
3(IN—-1)x1
P Dimension (length) of vector p (M+N -1+
3J(IN—-1-3)+
My(2(N —1) —
My)+(N—-1+
I(N—-1-3)+
(M—1+3)(M—
1-3)) x 1
fa Column-wise matrix vectorization for ma- (M — 1)(N —
trix U 1) x 1
fs Column-wise matrix vectorization for ma- (M —1)(N—1—
trix ( A+ F)X-B-G 3) x 1
fc Column-wise matrix vectorization for ma- 2(M —1)(2(N —
trix Ty Y — T, 1) — My) x 1
fp Column-wise matrix vectorization for ma- (M —1)(N—1—
trix T3,Z — T3, 3) x 1
fr Column-wise matrix vectorization for ma- (N—1)(M—1—
trix T4, W — T, 3) x 1
p Vector for elements of 4, 7, X, Y, Zand W @ x1
q Vector for elements of fa, fg, fc, fp and fg P x 1
J Jacobian matrix QxP
Rr(M,N) Recovery rate Scalar
> Summation Operator N/A
Ne;(M,N)  Number of globally optimal solutions for i Integer
configuration
I,(M,N) Total number of configurations Integer
Nc(M, N) Total initializations for each configuration  Integer
er Error metric for start time and emission Scalar
time

Continued on next page
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Table 1: Summary of Notations (continued)

Symbol Description Dimension

Cr(M,N) Convergence rate Scalar

Ce(M,N) Number of successful recoveries Scalar

Ao, [*, Penalty parameters Scalars

¥

o() Computational Complexity N/A

jl,r Number of rows for J with LRP only Integer

jl,c Number of columns for J with LRP only Integer

JALM Number of rows for J with LRP and LRPV3 Integer

j174,c Number of columns for J with LRP and Integer
LRPV3

j1,274’r Number of rows for J with LRP, LRPV1 Integer
and LRPV3

j172747c Number of columns for J with LRP, LRPV1 Integer
and LRPV3

j1,273,r Number of rows for J with LRP, LRPV2 Integer
and LRPV3

Ji25e Number of columns for J with LRP, LRPV2 Integer
and LRPV3

o Standard derivation Scalar
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