
Highlights

Supplementary Material for Low Rank Properties for Synchroniz-
ing Microphones and Sources in Ad-Hoc Wireless Acoustic Sensor
Network

Faxian Cao, Yongqiang Cheng, Adil Mehmood Khan, Zhijing Yang, S. M.
Ahsan Kazmi, Zhao Huang, Yingxiu Chang

• Three new low-rank properties are introduced to exploit the low-rank
structure information between the time of arrival and unknown timing
information in microphones and sources, all supported by mathematical
proofs.

• A combined low-rank approximation algorithm is introduced to find
global solutions for synchronizing microphones and sources by estimat-
ing the microphones’ start time and the sources’ emission time.

• The proposed new rank properties can be adapted for use in other
fields with similar synchronization challenges, such as radio signals,
potentially benefiting a broad spectrum of applications in technology
and engineering.



Supplementary Material for Low Rank Properties for

Synchronizing Microphones and Sources in Ad-Hoc

Wireless Acoustic Sensor Network

Faxian Caoa, Yongqiang Chengb, Adil Mehmood Khana, Zhijing Yangc, S.
M. Ahsan Kazmid, Zhao Huange, Yingxiu Changa

aSchool of Computer Science, University of Hull, Cottingham Road, Hull, HU6
7RX, England, U.K. (e-mail: faxian.cao-2022@hull.ac.uk; a.m.khan@hull.ac.uk;

y.chang-2020@hull.ac.uk)
bFaculty of Technology, University of Sunderland, St Peters’s Way, Sunderland, SR6

0DD, England, U.K. (Corresponding author; e-mail: yongqiang.cheng@sunderland.ac.uk)
cSchool of Information Engineering, Guangdong University of Technology, Waihuan

West Road, Pan Yu Qu, Guangzhou, 510006, Guangdong Province, China
(e-mail:yzhj@gdut.edu.cn)

dFaculty of Computer Science and Creative Technologies, University of the West of
England, Coldharbour Ln, Stoke Gifford, Bristol, BS16 1QY, England, U.K. (e-mail:

ahsan.kazmi@uwe.ac.uk)
eDepartment of Computer and Information Sciences, Northumbria University, CIS

Building, Ellison Place, Newcastle, NE1 8ST, England, U.K. (e-mail:
zhao.huang@northumbria.ac.uk)

Abstract

This supplementary material provides the proof for proposed three variants
of low-rank property, and the form of the Jacobian matrix for proposed com-
bined low-rank approximation method.

The proof for three variants of low rank property (LRP) is based on two
parts:

1) the LRP presented by state-of-the-arts [1, 2, 3] (Eq. (11) in the main
manuscript: rank(D+U) ≤ 3).

2) the theory of linear algebra [4, 5, 6]. By defining three matrices E ∈
Rm×n, Θ ∈ Rn×h and O ∈ Rm×h, and two column vectors θ ∈ Rn and
o ∈ Rm, then we can have the corresponding linear algebra theorem [4, 5, 6]:

Theorem 1: Given one linear system Eθ = o, with coefficient matrix E,
augmented matrix

[
E o

]
∈ Rm×(n+1) and unknown column vector θ ∈ Rn,

the following two items are sufficient and necessary if m ≥ n:
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• If rank(E) = rank(
[
E o

]
) = n, Eθ = o has a unique solution, and

vice versa.

• If rank(E) = rank(
[
E o

]
) < n, Eθ = o has multiple solutions, and

vice versa.

Based on the Theorem 1, we can extend one linear system to multiple
linear systems by replacing those two column vectors, θ and o, with two
matrices, Θ and O, respectively, then those two items in Theorem 1 are also
sufficient and necessary [6]. Next, Sections A1, A2, and A3 show the proof
of proposed LRPV1, LRPV2, and LRPV3, respectively. Finally, Section A4
provides the derivation of the Jacobian matrix for the proposed combined
low-rank approximation (CLRA) method.

A1: Proof for Proposed LRPV1

This section shows the proof for the proposed LRPV1 in subsection A
first, i.e., if M − 1 > N − 1 + 3, we shall prove

rank (T∗
1) ≤ N − 1 + 3, (1)

whereT∗
1 =

[
D U

]
∈ R(M−1)×2(N−1); D ∈ R(M−1)×(N−1); U ∈ R(M−1)×(N−1);

M and N are the number of microphones and sources, respectively. Then, we
show the details that result in rank (T∗

1) < N−1+3 or rank (T∗
1) = N−1+3

in subsection B.

A: Proof for LRPV1

From the LRP in state-of-the-arts [1, 2, 3]: rank(D+U) ≤ 3, we can see
that there exist 3 column vectors from matrix D + U that could represent
other column vectors of D + U [1]. For the convenience of analysis, we
assume the first 3 column vectors of D +U are independent of each other,
then we can also assume that there is an unknown matrix X ∈ R3×(N−1−3)

that enables the first 3 column vectors of matrix D + U to represent the
remaining column vectors of matrix D+U [1, 3], i.e.,

(D:,1:3 +U:,1:3)X = D:,3+1:N−1 +U:,3+1:N−1. (2)

Then, we can write Eq. (2) as the matrix multiplication form

[
D U:,1:3

] X
−I
X

 = U:,3+1:N−1, (3)

2



where I ∈ R(N−1−3)×(N−1−3) is the identity matrix.

Since matrix

X
−I
X

 ∈ R(N−1+3)×(N−1−3), the number of row for this matrix

is N − 1 + 3. In addition, we can also see that the coefficient matrix and
augmented matrix in Eq. (3) are

[
D U:,1:3

]
and

[
D U

]
, respectively. Then

based on the Theorem 1 [4, 5, 6], we can have

rank(
[
D U:,1:3

]
) = rank(

[
D U

]
) ≤ N − 1 + 3. (4)

Now, we consider the conditions that lead matrix
[
D U

]
to be low-rank

matrix. For one matrix, the number of both rows and columns for this matrix
should be larger than the corresponding rank if such a matrix has low-rank
property. Thus we need to consider two aspects, i.e., both number of columns
and rows for matrix

[
D U

]
∈ R(M−1)×2(N−1).

1) We consider the number of columns for matrix
[
D U

]
, i.e., 2(N − 1).

Since N − 1 > 3, we can have 2(N − 1) > N − 1 + 3, which means that
the number of columns for matrix

[
D U

]
must be larger than the rank for

matrix
[
D U

]
, i.e., N − 1 + 3.

2) We consider the number of rows for matrix
[
D U

]
, i.e., M − 1. From

the conclusion of first aspect that the number of columns for matrix
[
D U

]
is larger than the corresponding rank of matrix

[
D U

]
already, we can

see that if the number of rows for matrix
[
D U

]
is larger than the rank for

matrix
[
D U

]
, i.e., M−1 > N−1+3, matrix

[
D U

]
is a low-rank matrix.

This completes the proof for LRPV1 that rank (T∗
1) ≤ N − 1 + 3 if

M − 1 > N − 1 + 3.

B: Details for LRPV1

From Eq. (4), we can see that N − 1 + 3 provides a upper boundary
of rank for matrix

[
D U

]
if M − 1 > N − 1 + 3. Now, we analyze this

upper boundary, i.e., the condition that leads rank(
[
D U

]
) < N − 1 + 3

or rank(
[
D U

]
) = N − 1 + 3. We divide the corresponding proof into two

situations, i.e., rank(D+U) < 3 and rank(D+U) = 3.
Situation 1: If rank(D:,1:3 +U:,1:3) < 3, we can have rank(

[
D U

]
) <

N − 1 + 3.
Proof: From Eq. (3), we can see that sub-matrix I in Eq. (3) is identity

matrix. Since the identity matrix is unique, we need to consider whether
matrix X is unique or not. From the LRP [1, 2, 3], the corresponding rela-
tionship in Eq. (2) and the Theorem 1 [4, 5, 6], it is obvious that matrix X
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has multiple solutions if rank(D:,1:3+U:,1:3) = rank(D+U) < 3, thus, with
Eq. (3), we can have rank(

[
D U

]
) < N − 1 + 3. This completes the

proof for Situation 1.
Situation 2: When rank(D:,1:3 + U:,1:3) = rank(D + U) = 3, we can

have three groups:
Group 1: If rank(D) < N − 1 or rank(U) < N − 1, it leads

rank(
[
D U

]
) < N − 1 + 3. (5)

Proof: We use the basic knowledge of linear algebra [6] to prove Eq. (5),
i.e., multiplying all the elements of a certain column of the matrix by one
same constant and then plus them to the corresponding elements of another
column, it is obvious that the number of rank for the corresponding matrix
remains unchanged [6]. Thus, if we multiply all of elements of jth column of
matrix

[
D U

]
by 1, then plus them to the {j +N − 1}th column of matrix[

D U
]
where j = 1, · · · , N − 1, we can have

rank(
[
D U

]
) = rank(

[
D D+U

]
). (6)

Since there just three columns of matrix D+U are independent of each
other, i.e., rank(D+U) = rank(D:,1:3 +U:,1:3) = 3, then we can have

rank(
[
D D+U

]
) = rank(

[
D D:,1:3 +U:,1:3

]
). (7)

For matrix
[
D D:,1:3 +U:,1:3

]
in Eq. (7), we can see that if rank(D) <

N − 1, it means that there exists one column vector of matrix D can be
represented by the remaining column vectors of matrix D, resulting in

rank(
[
D D:,1:3 +U:,1:3

]
) < N − 1 + 3. (8)

With Eqs. (6), (7) and (8), we can have

rank(
[
D U

]
) < N − 1 + 3. (9)

This completes the proof that rank(
[
D U

]
) < N−1+3 if rank(D) <

N − 1.
Similarity, if we multiply all of elements of {j + N − 1}th column of

matrix
[
D U

]
by 1, then plus them to the jth column of matrix

[
D U

]
where j = 1, · · · , N − 1, we can have

rank(
[
D U

]
) = rank(

[
D+U U

]
). (10)
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With Eq. (10), then follow the same steps as Eqs. (7), (8) and (9), it is
easily prove that if rank(U) < N − 1, we have

rank(
[
D U

]
) < N − 1 + 3. (11)

This completes the proof that rank(
[
D U

]
) < N−1+3 if rank(U) <

N − 1.
With Eqs. (9) and (11), we can conclude that rank(

[
D U

]
) < N−1+3

if rank(D) < N − 1 or rank(U) < N − 1. This completes the proof for
Group 1.

Group 2: If rank(D) = rank(U) = N−1 and rank(
[
D:,1:3 U:,1:3

]
) < 6,

it leads
rank(

[
D U

]
) < N − 1 + 3. (12)

Proof: First, we show one conclusion from the precondition that the
rank of matrix

[
D:,1:3 U:,1:3

]
) is less than six, i.e., rank(

[
D:,1:3 U:,1:3

]
) < 6

in Group 2. For any index 4 ≤ n ≤ N − 1, it is obvious that

rank(
[
D:,1:3 D:,n U:,1:3

]
) ≤ rank(

[
D:,1:3 U:,1:3

]
) + 1. (13)

Since rank(
[
D:,1:3 U:,1:3

]
) < 6, we have rank(

[
D:,1:3 U:,1:3

]
) + 1 <

6 + 1 = 7. Finally, from Eq. (13), we can conclude that

rank(
[
D:,1:3 D:,n U:,1:3

]
) < 7. (14)

Next, we use the contradiction method [7] to prove Eq. (12), i.e., we
assume that rank(

[
D U

]
) < N − 1+3 is wrong, then from Eq. (4), we can

have
rank(

[
D U

]
) = N − 1 + 3. (15)

With Eq. (15), we have the following observation.
Observation: For any index 4 ≤ n ≤ N − 1, we have the observation

that rank(
[
D:,1:3 D:,n U:,1:3

]
) = 7.

Proof: With Eq. (15), then for any index 4 ≤ n ≤ N − 1, we can have

rank(
[
D:,1:3 D:,n U:,1:3 U:,n

]
) = 4 + 3 = 7. (16)

By performing the elementary operation for the corresponding matrix[
D:,1:3 D:,n U:,1:3 U:,n

]
in Eq. (16), i.e., multiply all of elements of jth

column of matrix
[
D:,1:3 D:,n U:,1:3 U:,n

]
by 1, then plus them to the
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{j+4}th column of matrix
[
D:,1:3 D:,n U:,1:3 U:,n

]
where j = 1, · · · , 4,

then from Eq. (16), we can have

rank(
[
D:,1:3 D:,n D:,1:3 +U:,1:3 D:,n +U:,n

]
) = 7. (17)

Since D:,n+U:,n are dependent with D:,1:3+U:,1:3, from Eq. (17), we can
have

rank(
[
D:,1:3 D:,n D:,1:3 +U:,1:3

]
) = 7. (18)

Also, by performing the elementary operation for the corresponding ma-
trix

[
D:,1:3 D:,n D:,1:3 +U:,1:3

]
in Eq. (18), i.e., multiply all of elements

of jth column of matrix
[
D:,1:3 D:,n D:,1:3 +U:,1:3

]
by −1, then plus them

to the {j + 4}th column of matrix
[
D:,1:3 D:,n D:,1:3 +U:,1:3

]
where j =

1, 2, 3, then from Eq. (18), we can have

rank(
[
D:,1:3 D:,n U:,1:3

]
) = 7. (19)

This completes the proof for Observation.
On one side, Eq. (14) validates that rank(

[
D:,1:3 D:,n U:,1:3

]
) < 7.

On the other side, Observation shows that rank(
[
D:,1:3 D:,n U:,1:3

]
) = 7

when rank(
[
D U

]
) = N−1+3, this causes a contradiction. Since Eq. (14)

is correct, we can conclude rank(
[
D U

]
) = N − 1 + 3 is wrong and have

rank(
[
D U

]
) < N − 1 + 3, (20)

under the two following conditions that rank(D) = rank(U) = N − 1 and
rank(

[
D:,1:3 U:,1:3

]
) < 6. This completes the proof for Group 2.

Group 3: If rank(D) = rank(U) = N−1 and rank(
[
D:,1:3 U:,1:3

]
) = 6,

it leads
rank(

[
D U

]
) = N − 1 + 3. (21)

Proof: We also use the contradiction method [7] to prove Eq. (21) is
correct, i.e., we assume rank(

[
D U

]
) = N − 1 + 3 in Eq. (21) is wrong,

then from Eq. (4), we can have

rank(
[
D U

]
) < N − 1 + 3. (22)

With Eq. (22), we can have rank(
[
D U

]
) = N−1+2 or rank(

[
D U

]
) <

N − 1 + 2. Next, we will show both rank(
[
D U

]
) = N − 1 + 2 and

rank(
[
D U

]
) < N − 1 + 2 are wrong with two steps.
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Step 1: If rank(
[
D U

]
) = N − 1 + 2 is correct, we have the following

two observations.
Observation 1: The number of ranks for matrix

[
D U:,1:3

]
is a func-

tion of N − 1, i.e., rank(
[
D U:,1:3

]
) = N − 1 + 2.

Proof: With both rank(
[
D U

]
) = N − 1 + 2 and the statement from

Eq. (4) that rank(
[
D U

]
) = rank(

[
D U:,1:3

]
), it is obvious that

rank(
[
D U:,1:3

]
) = N − 1 + 2. (23)

This completes the proof for Observation 1.
Observation 2: The number of ranks for matrix

[
D U:,1:3

]
is constant

which means it will not vary with N − 1.
Proof: If rank(

[
D U

]
) = N − 1 + 2, it implies that for any index

4 ≤ n ≤ N − 1, we have

rank(
[
D:,1:3 D:,n U:,1:3 U:,n

]
) = 4 + 2 = 6 (24)

Then do the elementary operation for matrix
[
D:,1:3 D:,n U:,1:3 U:,n

]
in Eq. (24), i.e., we can multiply all of elements of jth column of matrix[
D:,1:3 D:,n U:,1:3 U:,n

]
by 1, then plus them to the {j + 4}th column of

matrix
[
D:,1:3 D:,n U:,1:3 U:,n

]
where j = 1, · · · , 4, we can have

rank(
[
D:,1:3 D:,n D:,1:3 +U:,1:3 D:,n +U:,n

]
) = 6. (25)

Since D:,n +U:,n can be represented by D:,1:3 +U:,1:3, i.e., rank(D:,1:3 +
U:,1:3) = rank(

[
D:,1:3 +U:,1:3 D:,n +U:,n

]
), then from Eq. (25), we have

rank(
[
D:,1:3 D:,n D:,1:3 +U:,1:3

]
) = 6. (26)

Also, by performing the elementary operation for the following matrix[
D:,1:3 D:,n D:,1:3 +U:,1:3

]
in Eq. (26), i.e., multiply all of elements of jth

column of matrix
[
D:,1:3 D:,n D:,1:3 +U:,1:3

]
by −1, then plus them to the

{j+4}th column of matrix
[
D:,1:3 D:,n D:,1:3 +U:,1:3

]
where j = 1, 2, 3,

then from Eq. (26), we can have

rank(
[
D:,1:3 D:,n U:,1:3

]
) = 6. (27)

From the precondition that rank(
[
D:,1:3 U:,1:3

]
) = 6 in Group 3 and

Eq. (27), we can have

rank(
[
D:,1:3 U:,1:3

]
) = rank(

[
D:,1:3 D:,n U:,1:3

]
) = 6. (28)
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Eq. (28) implies any D:,n can be represented by
[
D:,1:3 U:,1:3

]
. In addi-

tion, since n ⊂ {4, · · · , N − 1}, we have

rank(
[
D:,1:3 U:,1:3

]
) = rank(

[
D U:,1:3

]
) = 6. (29)

This completes the proof for Observation 2.
On one side, Observation 1 shows that the number of ranks for matrix[

D U:,1:3

]
is a function of N − 1, i.e., the number of ranks varies with

N − 1, On another side, Observation 2 shows that the number of rank
for matrix

[
D U:,1:3

]
is a constant, meaning the number of rank for matrix[

D U:,1:3

]
will not vary with N − 1, this causes a contradiction. Thus

rank(
[
D U

]
) = N − 1 + 2 is wrong.

Step 2: If rank(
[
D U

]
) < N − 1+ 2, we have the following one obser-

vation.
Observation 3: rank(

[
D:,1:3 U:,1:3

]
) < 6.

Proof: If rank(
[
D U

]
) < N − 1 + 2, it implies for any 4 ≤ n ≤ N − 1,

we have
rank(

[
D:,1:3 D:,n U:,1:3 U:,n

]
) < 4 + 2 = 6. (30)

By performing the elementary operation for the corresponding matrix[
D:,1:3 D:,n U:,1:4 U:,n

]
in Eq. (30), i.e., multiply all of elements of jth

column of matrix
[
D:,1:3 D:,n U:,1:4 U:,n

]
by 1, then plus them to the

{j+4}th column of matrix
[
D:,1:3 D:,n U:,1:4 U:,n

]
where j = 1, · · · , 4,

then from Eq. (30), we can have

rank(
[
D:,1:3 D:,n D:,1:3 +U:,1:3 D:,n +U:,n

]
) < 6. (31)

Since D:,n+U:,n are dependent with matrix D:,1:3+U:,1:3, in other words,
rank(

[
D:,1:3 +U:,1:3 D:,n +U:,n

]
) = rank(D:,1:3 + U:,1:3), then from Eq.

(31), we can have

rank(
[
D:,1:3 D:,n D:,1:3 +U:,1:3

]
) < 6. (32)

Also, by performing the elementary operation for the corresponding ma-
trix

[
D:,1:3 D:,n D:,1:3 +U:,1:3

]
in Eq. (32), i.e., multiply all of elements

of jth column of matrix
[
D:,1:3 D:,n D:,1:3 +U:,1:3

]
by −1, then plus them

to the {j + 4}th column of matrix
[
D:,1:3 D:,n D:,1:3 +U:,1:3

]
where j =

1, 2, 3, then from Eq. (32), we can have

rank(
[
D:,1:3 D:,n U:,1:3

]
) < 6. (33)
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Since

rank(
[
D:,1:3 U:,1:3

]
) ≤ rank(

[
D:,1:3 D:,n U:,1:3

]
), (34)

then with Eq. (33), it implies

rank(
[
D:,1:3 U:,1:3

]
) < 6. (35)

This completes the proof for Observation 3.
On one side, Observation 3 shows that the number of rank for matrix[

D:,1:3 U:,1:3

]
< 6 when rank(

[
D U

]
) < N − 1 + 2, on another side, the

precondition in the Group 3 shows that
[
D:,1:3 U:,1:3

]
= 6, this causes a

contradiction. Thus rank(
[
D U

]
) < N − 1 + 2 is wrong.

In conclusion, Step 1 validates that rank(
[
D U

]
) = N−1+2 is wrong

and Step 2 shows that rank(
[
D U

]
) < N − 1 + 2 is wrong, thus we can

conclude that rank(
[
D U

]
) ≤ N−1+2 is wrong and rank(

[
D U

]
) = N−

1+3 is correct if rank(D) = rank(U) = N−1 and rank(
[
D:,1:3 U:,1:3

]
) = 6.

This completes the proof for Group 3.

A2: Proof for Proposed LRPV2

This section shows the proof for proposed LRPV2 in subsection A first,
i.e., if N − 1 > M − 1 + 3, we shall prove

rank (T∗
2) ≤ M − 1 + 3, (36)

where T∗
2 =

[
DT UT

]
∈ R(N−1)×2(M−1). Then, we show the details that

lead rank (T∗
2) < M − 1 + 3 or rank (T∗

2) = M − 1 + 3 in subsection B.

A: Proof for LRPV2

From the LRP in state-of-the-arts [1, 2, 3]: rank(D +U) = rank(DT +
UT ) ≤ 3, we can see that there exists 3 row vectors from matrix D+U that
could represent remaining row vectors of D +U [1]. For the convenience of
analysis, we assume the first 3 row vectors of matrix D+U are independent
from each other, then we can assume that there is an unknown matrix X̂ ∈
R3×(M−1−3) that enables the first 3 row vectors of matrix D+U to represent
the other row vectors of matrix D+U, i.e.,

(DT
1:3,: +UT

1:3,:)X̂ = DT
3+1:M−1,: +UT

3+1:M−1,:. (37)
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Then, we can write Eq. (37) as the matrix multiplication form

[
DT UT

1:3,:

]  X̂
−I

X̂

 = UT
3+1:M−1,:, (38)

where I ∈ R(M−1−3)×(M−1−3) is the identity matrix.

Since matrix

 X̂
−I

X̂

 ∈ R(M−1+3)×(M−1−3), the number of rows for this

matrix is M − 1 + 3. In addition, we can also see the coefficient matrix and
augmented matrix in Eq. (38) are

[
DT UT

1:3,:

]
and

[
DT UT

]
, respectively.

Then based on the Theorem 1 [4, 5, 6], we can have

rank(
[
DT UT

1:3,:

]
) = rank(

[
DT UT

]
) ≤ M − 1 + 3. (39)

Now, we consider the conditions that lead matrix
[
DT UT

]
to be low-

rank matrix. For one matrix, the number of both rows and columns for
this matrix should be larger than the corresponding rank if such a matrix
has low-rank property. Thus two aspects need to be considered, i.e., both
number of columns and rows for matrix

[
DT UT

]
∈ R(N−1)×2(M−1).

1) We consider the number of columns for matrix
[
DT UT

]
, i.e., 2(M −

1). Since M − 1 > 3, we can have 2(M − 1) > M − 1 + 3, which means that
the number of columns for matrix

[
DT UT

]
must be larger than the rank

for matrix
[
DT UT

]
, i.e., M − 1 + 3.

2) We consider the number of rows for matrix
[
DT UT

]
, i.e., N − 1.

From the conclusion of first aspect that the number of columns for matrix[
DT UT

]
is larger than the corresponding rank of matrix

[
DT UT

]
already,

we can see that if the number of rows for matrix
[
DT UT

]
is larger than the

rank for matrix
[
DT UT

]
, i.e., N−1 > M−1+3, matrix

[
DT UT

]
is a low-

rank matrix. This completes the proof for LRPV2 that rank (T∗
2) ≤

M − 1 + 3 if N − 1 > M − 1 + 3.

B: Details for LRPV2

From Eq. (39), we can see that M − 1 + 3 provides a upper boundary of
rank for matrix

[
DT UT

]
if N−1 > M−1+3. Now, we analyze this upper

boundary, i.e., the condition that leads rank(
[
DT UT

]
) < M − 1 + 3 or

rank(
[
DT UT

]
) = M − 1 + 3. We can also divide the corresponding proof
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into two situations. Situation 1: If rank(DT
1:3,: + UT

1:3,:) = rank(DT +

UT ) < 3, we can have rank(
[
DT UT

]
) < M − 1 + 3. And Situation

2: If rank(DT
1:3,: + UT

1:3,:) = rank(DT + UT ) = 3, we can also have three
groups. Group 1: If rank(DT ) < M − 1 or rank(UT ) < M − 1, it leads
rank(

[
DT UT

]
) < M−1+3. Group 2: If rank(DT ) = rank(UT ) = M−1

and rank(
[
DT

1:3,: UT
1:3,:

]
) < 6 it leads rank(

[
DT UT

]
) < M−1+3. Group

3: If rank(DT ) = rank(UT ) = M − 1 and rank(
[
DT

1:3,: UT
1:3,:

]
) = 6 it leads

rank(
[
DT UT

]
) = M−1+3. Finally, by using the same proof procedure as

LRPV1 in Section A1-B, it is easy to prove those two situations above. This
completes the proof for the conditions that lead rank(

[
DT UT

]
) <

M − 1 + 3 or rank(
[
DT UT

]
) = M − 1 + 3.

A3: Proof for Proposed LRPV3

This section shows the proof for the proposed LRPV3 in subsection A
first, i.e.,

rank (T∗
3) ≤ min(N − 1 + 3,M − 1 + 3), (40)

where T∗
3 =

[
D U
U D

]
∈ R2(M−1)×2(N−1). Then, we show the details that lead

rank (T∗
3) < min(N−1+3,M−1+3) or rank (T∗

3) = min(N−1+3,M−1+3)
in subsection B.

A: Proof for LRPV3

We consider two situations for LRPV3, i.e., M ≥ N and M < N .
If M ≥ N , the proof for LRPV3 in Eq. (40) is transformed to

rank

([
D U
U D

])
≤ N − 1 + 3. (41)

From Eq. (2), we can have{
D:,1:3X−D:,3+1:N−1 +U:,1:3X = U:,3+1:N−1

U:,1:3X−U:,3+1:N−1 +D:,1:3X = D:,3+1:N−1

. (42)

Then we can write Eq. (42) as matrix multiplication form

[
D U:,1:3

U D:,1:3

]X
−I
X

 =

[
U:,3+1:N−1

D:,3+1:N−1

]
, (43)

11



where I ∈ R(N−1−3)×(N−1−3) is the identity matrix.

Since matrix

X
−I
X

 ∈ R(N−1+3)×(N−1−3), the number of rows for this ma-

trix is N − 1 + 3. In addition, we can see the coefficient matrix and the

augmented matrix in Eq. (43) are

[
D U:,1:3

U D:,1:3

]
and

[
D U
U D

]
, respectively.

Then based on the Theorem 1 [4, 5, 6], we can have

rank(

[
D U:,1:3

U D:,1:3

]
) = rank(

[
D U
U D

]
) ≤ N − 1 + 3. (44)

This completes the proof for LRPV3 when M ≥ N .
If M < N , the proof for LRPV3 in Eq. (40) is transformed to

rank

([
D U
U D

])
≤ M − 1 + 3. (45)

From Eq. (37), we can have{
DT

1:3,:X̂−DT
3+1:M−1,: +UT

1:3,:X̂ = UT
3+1:M−1,:

UT
1:3,:X̂−UT

3+1:M−1,: +DT
1:3,:X̂ = DT

3+1:M−1,:

. (46)

Then we can write Eq. (46) as matrix multiplication form

[
DT UT

1:3,:

UT DT
1:3,:

] X̂
−I

X̂

 =

[
UT

3+1:M−1,:

DT
3+1:M−1,:

]
. (47)

where I ∈ R(M−1−3)×(M−1−3) is the identity matrix.

Since matrix

 X̂
−I

X̂

 ∈ R(M−1+3)×(M−1−3), the number of rows for this

matrix isM−1+3. In addition, we can also see the coefficient matrix and the

augmented matrix in Eq. (47) is

[
DT UT

1:3,:

UT DT
1:3,:

]
and

[
DT UT

UT DT

]
, respectively.

Then based on the Theorem 1 [4, 5, 6], we can have

rank(

[
DT UT

1:3,:

UT DT
1:3,:

]
) = rank(

[
DT UT

UT DT

]
) ≤ M − 1 + 3. (48)
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Since

[
DT UT

UT DT

]
=

[
D U
U D

]T
, we can have

rank(

[
D U
U D

]T
) = rank(

[
D U
U D

]
) ≤ M − 1 + 3. (49)

This completes the proof for LRPV3 when M < N .
Finally, Based on Eq. (44) when M ≥ N and Eq. (49) when M < N , we

can have

rank(

[
D U
U D

]
) ≤ min(N − 1 + 3,M − 1 + 3). (50)

This completes all the proof for LRPV3.

B: Details for LRPV3

We first show the details of LRPV3 in Eq. (44) when M ≥ N and then
the details of LRPV3 in Eq. (48) are displayed when M < N .

(1) M ≥ N : From Eq. (44), we can see that N − 1 + 3 provides a up-

per boundary of rank for matrix

[
D U
U D

]
if M ≥ N . Now, we analyze this

upper boundary, i.e., the condition that leads rank(

[
D U
U D

]
) < N − 1 + 3

or rank(

[
D U
U D

]
) = N − 1 + 3. We divide the corresponding proof into two

situations. Situation 1: If rank(D:,1:3+U:,1:3) = rank(D+U) < 3, we can

have rank(

[
D U
U D

]
) < M − 1 + 3. Situation 2: If rank((D:,1:3 +U:,1:3) =

rank(D+U) = 3, we can have three groups. Group 1: If rank(D) < N−1

or rank(U) < N − 1, it leads rank(

[
D U
U D

]
) < N − 1 + 3. Group 2:

If rank(D) = rank(U) = N − 1 and rank(
[
D:,1:3 U:,1:3

]
) < 6 it leads

rank(

[
D U
U D

]
) < N − 1 + 3. Group 3: If rank(D) = rank(U) = N − 1

and rank(
[
D:,1:3 U:,1:3

]
) = 6 it leads rank(

[
D U
U D

]
) = N − 1 + 3. For

the proof of these two situations, first, by performing the elementary op-

eration for matrix

[
D U
U D

]
, i.e., multiply all of elements of ith row of ma-

trix

[
D U
U D

]
by 1, then plus them to the {i + M − 1}th column of matrix
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[
D U
U D

]
where i = 1, · · · , M − 1, then we can have rank(

[
D U
U D

]
) =

rank(

[
D U

D+U U+D

]
) ≤ N − 1+ 3. Then by using the same proof proce-

dure as LRPV1 in Section A1-B for matrix

[
D U

D+U U+D

]
, it is easy to

prove those two situations above. This completes the proof for the con-

ditions that lead rank(

[
D U
U D

]
) < N−1+3 or rank(

[
D U
U D

]
) = N−1+3

when M ≥ N.
(2) M < N : From Eq. (48), we can see that M − 1 + 3 provides a

upper boundary of rank for matrix

[
DT UT

UT DT

]
if M < N . Now, we ana-

lyze this upper boundary, i.e., the conditions that leads rank(

[
DT UT

UT DT

]
) <

M − 1 + 3 or rank(

[
DT UT

UT DT

]
) = M − 1 + 3. We divide the correspond-

ing proof into two situations. Situation 1: If rank(DT
1:3,: + UT

1:3,:) =

rank(DT + UT ) < 3, we can have rank(

[
DT UT

UT DT

]
) < M − 1 + 3. Sit-

uation 2: If rank(DT
1:3,: +UT

1:3,:) = rank(DT +UT ) = 3, we can have three
groups. Group 1: If rank(DT ) < M − 1 or rank(UT ) < M − 1, it leads

rank(

[
DT UT

UT DT

]
) < M−1+3. Group 2: If rank(DT ) = rank(UT ) = M−1

and rank(
[
DT

1:3,: UT
1:3,:

]
) < 6 it leads rank(

[
DT UT

UT DT

]
) < M−1+3. Group

3: If rank(DT ) = rank(UT ) = M − 1 and rank(
[
DT

1:3,: UT
1:3,:

]
) = 6 it

leads rank(

[
DT UT

UT DT

]
) = M − 1 + 3. For the proof of these two situa-

tions, first, by performing the elementary operation for matrix

[
DT UT

UT DT

]
,

i.e., multiply all of elements of jth row of matrix

[
DT UT

UT DT

]
by 1, then

plus them to the {j + N − 1}th column of matrix

[
DT UT

UT DT

]
where j =

1, · · · , N − 1, then from Eq. (44), we can have rank(

[
DT UT

UT DT

]
) =

14



rank(

[
DT UT

DT +UT UT +DT

]
) ≤ M−1+3. Then by following the same proof

procedure as LRPV1 in Section A1-B for matrix

[
DT UT

DT +UT UT +DT

]
, it

is easy to prove those two situations above when M < N . This completes

the proof for the conditions that lead rank(

[
DT UT

UT DT

]
) < M − 1 + 3

or rank(

[
DT UT

UT DT

]
) = M − 1 + 3 when M < N.

A4: Form of the Jacobian matrix for combined low-rank approxi-
mation Method

This section shows the form of the Jacobian matrix [8] of the proposed

CLRAmethod: J = ∂q/∂p where column vector p =
[
δ̇T , η̇T ,xT ,yT , zT ,wT

]T ∈
RP ; δ̇ =

[
δ̇1 · · · δ̇M

]T
; η̇ =

[
η̇1 · · · η̇N

]T
; P = M + N − 1 + 3(N − 1 −

3)+MN(2(N − 1)−MN)+ (N − 1+3)(N − 1− 3)+ (M − 1+3)(M − 1− 3);
MN = min(M − 1 + 3, N − 1 + 3) and

x = v(X)

y = v(Y)

z = v(Z)

w = v(W)

,

and v(·) denotes operation for column-wise matrix vectorization; and the
size of the following matrices are X ∈ R3×(N−1−3); Y ∈ RMN×(2(N−1)−MN );
Z ∈ R(N−1+3)×(N−1−3); W ∈ R(M−1+3)×(M−1−3) and column vector q =[
fA

T λfB
T γfC

T αfD
T βfE

T
]T ∈ RQ,

fA = v(U)

fB = v((A+ F)X−B−G)

fC = v(T∗
31Y −T∗

32)

fD = v(T∗
11Z−T∗

12)

fE = v(T∗
21W −T∗

22)

, (51)

and Q = (M − 1)(8(N − 1)− 2MN − 6)− 3(N − 1); A = D:,1:3 ∈ R(M−1)×3;
B = D:,3+1:N−1 ∈ R(M−1)×(N−1−3); F = U:,1:3 ∈ R(M−1)×3; G = U:,3+1:N−1 ∈
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R(M−1)×(N−1−3); T∗
11 = T∗

1:,1:N−1+3 ∈ R(M−1)×(N−1+3); T∗
12 = T∗

1:,N+3:2(N−1)

∈ R(M−1)×(N−1−3); T∗
21 = T∗

2:,1:M−1+3 ∈ R(N−1)×(M−1+3); T∗
22 = T∗

2:,M+3:2(M−1)

∈ R(N−1)×(M−1−3); T∗
31 = T∗

3:,1:MN
∈ R2(M−1)×MN ; T∗

32 = T∗
3:,MN+1:2(N−1) ∈

R2(M−1)×(2(N−1)−MN ) and λ, α, β and γ are parameters for LRP and proposed
three variants of LRP, respectively; In addition, matrices D and U are de-
fined in (9) of the main manuscript; matrices T∗

1, T
∗
2 and T∗

3 are defined in
(12), (13) and (14) of the main manuscript, respectively.

The Jacobian matrix J = ∂q
∂p

can be calculated as follows:

J =


∂fA
∂δ̇

∂fA
∂η̇

· · · ∂fA
∂w

λ∂fB
∂δ̇

λ∂fB
∂η̇

· · · λ∂fB
∂w

...
...

. . .
...

β ∂fE
∂δ̇

β ∂fE
∂η̇

· · · β ∂fE
∂w

 . (52)

Then the computation of block matrices in Eq. (52) can be expressed as
follows: 

∂fA
∂δ̇

=
[
v( ∂U

∂δ̇1
) · · · v( ∂U

∂δ̇M
)
]

∂fA
∂η̇

=
[
v( ∂U

∂η̇2
) · · · v( ∂U

∂η̇N
)
]

∂fA
∂x

=
[
v( ∂U

∂X1,1
) · · · v( ∂U

∂X3,(N−1−3)
)
]

∂fA
∂y

=
[
v( ∂U

∂Y1,1
) · · · v( ∂U

∂YMN,(2(N−1)−MN )
)
]

∂fA
∂z

=
[
v( ∂U

∂Z1,1
) · · · v( ∂U

∂Z(N−1+3),(N−1−3)
)
]

∂fA
∂w

=
[
v( ∂U

∂W1,1
) · · · v( ∂U

∂W(M−1+3),(M−1−3)
)
]

, (53)

where
∂Ui−1,j−1

∂δ̇k
=

{
−2(ṫ1,j − ṫ1,1) + 2η̇j, k = 1

(2(ṫi,j − ṫi,1)− 2η̇j)• ↑i,k, k = 2, · · · ,M
and ↑i,k is rep-

resented by ↑i,k=

{
0, i ̸= k
1, i = k

; i = 2, · · · , M and j = 2, · · · , N , and

∂Ui−1,j−1

∂η̇k
= (−2(ṫi,j − ṫ1,j) + 2(δ̇1 − δ̇i))• ↑j,k for k = 2, · · · , N , and

∂Ui−1,j−1

∂Xk,l
= 0 for k = 1, 2, 3 and l = 1, · · · , N − 1− 3, and

∂Ui−1,j−1

∂Yk,l
= 0

for k = 1, · · · , MN and l = 1, · · · , 2(N − 1)−MN , and
∂Ui−1,j−1

∂Zk,l
= 0

for k = 1, · · · , N − 1 + 3 and l = 1, · · · , N − 1− 3, and
∂Ui−1,j−1

∂Wk,l
= 0

for k = 1, · · · , M − 1 + 3 and l = 1, · · · , M − 1− 3.
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Denote V = (A+ F)X−B−G, then

∂fB
∂δ̇

=
[
v( ∂V

∂δ̇1
) · · · v( ∂V

∂δ̇M
)
]

∂fB
∂η̇

=
[
v( ∂V

∂η̇2
) · · · v( ∂V

∂η̇N
)
]

∂fB
∂x

=
[
v( ∂V

∂X1,1
) · · · v( ∂V

∂X3,(N−1−3)
)
]

∂fB
∂y

=
[
v( ∂V

∂Y1,1
) · · · v( ∂V

∂YMN,2(N−1)−MN

)
]

∂fB
∂z

=
[
v( ∂V

∂Z1,1
) · · · v( ∂V

∂ZN−1+3,N−1−3
)
]

∂fB
∂w

=
[
v( ∂V

∂W1,1
) · · · v( ∂V

∂WM−1+3,M−1−3
)
]

, (54)

where
∂Vi−1,j−1

∂δ̇1
=

∑3
u=1(2(η̇u+1 − ṫi,u+1 + ṫ1,1)Xu,j−1) − 2(η̇j+3 − ṫi,j+3 +

ṫ1,1) for i = 2, · · · , M and j = 2, · · · , N − 3, and
∂Vi−1,j−1

∂δ̇k
=↑i,k

•{
∑3

u=1(2(ṫi,u+1−ṫi,1−η̇u+1)Xu,j−1)−2(ṫi,j+3−ṫi,1−η̇j+3)} for k = 2, · · · , M ,

and
∂Vi−1,j−1

∂η̇k
=

{
(−2(ṫi,k − ṫ1,k) + 2(δ̇1 − δ̇i))Xk−1,j−1 k = 2, · · · , 4
(2(ṫi,j+3 − ṫ1,j+3)− 2(δ̇1 − δ̇i))• ↑k,j+3 k = 5, · · · , N

, and

∂Vi−1,j−1

∂Xk,l
=↑l,j−1 •(A+ F)i−1,k for k = 1, 2, 3 and l = 1, · · · , N − 1− 3,

and
∂Vi−1,j−1

∂Yk,l
= 0 for k = 1, · · · , MN and l = 1, · · · , 2(N − 1)−MN ,

and
∂Vi−1,j−1

∂Zk,l
= 0 for k = 1, · · · , N − 1 + 3 and l = 1, · · · , N − 1− 3,

and
∂Vi−1,j−1

∂Wk,l
= 0 for k = 1, · · · , M − 1 + 3 and l = 1, · · · , M − 1− 3.

Denote V1 = T∗
31Y −T∗

32, we have

∂fC
∂δ̇

=
[
v(∂V1

∂δ̇1
) · · · v(∂V1

∂δ̇M
)
]

∂fC
∂η̇

=
[
v(∂V1

∂η̇2
) · · · v(∂V1

∂η̇N
)
]

∂fC
∂x

=
[
v( ∂V1

∂X1,1
) · · · v( ∂V1

∂X3,(N−1−3)
)
]

∂fC
∂y

=
[
v( ∂V1

∂Y1,1
) · · · v( ∂V1

∂YMN,2(N−1)−MN

)
]

∂fC
∂z

=
[
v( ∂V1

∂Z1,1
) · · · v( ∂V1

∂ZN−1+3,N−1−3
)
]

∂fC
∂w

=
[
v( ∂V1

∂W1,1
) · · · v( ∂V1

∂WM−1+3,M−1−3
)
]

, (55)

where
∂V1i−1,j−1

∂δ̇k
=

∑MN

u=1[
∂T∗

31

∂δ̇k
]i−1,uYu,j−1−[

∂T∗
32

∂δ̇k
]i−1,j−1 for i = 2, · · · , 2M − 1,

j = 2, · · · , 2N − 1−MN and k = 1, · · · , M , and
∂V1i−1,j−1

∂η̇k
= (

∑MN

u=1[
∂T∗

31

∂η̇k
]i,u

Yu,j − [
∂T∗

32

∂η̇k
]i,j) for k = 2, · · · , N , and

∂V1i−1,j−1

∂Xk,l
=

∂[T∗
31Y−T∗

32]i−1,j−1

∂Xk,l
= 0
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for k = 1, 2, 3, l = 1, · · · , N − 1− 3, and
∂V1i−1,j−1

∂Yk,l
=↑l,j−1 •(T∗

31)i−1,k,

for k = 1, · · · , MN and l = 1, · · · , 2(N − 1)−MN , and
∂V1i−1,j−1

∂Zk,l
= 0

for k = 1, · · · , N − 1 + 3 and l = 1, · · · , N − 1− 3, and
∂V1i−1,j−1

∂Wk,l
= 0

for k = 1, · · · , M − 1 + 3 and l = 1, · · · , M − 1− 3.
Denote V2 = T∗

11Z−T∗
12, we have

∂fD
∂δ̇

=
[
v(∂V2

∂δ̇1
) · · · v(∂V2

∂δ̇M
)
]

∂fD
∂η̇

=
[
v(∂V2

∂η̇2
) · · · v(∂V2

∂η̇N
)
]

∂fD
∂x

=
[
v( ∂V2

∂X1,1
) · · · v( ∂V2

∂X3,(N−1−3)
)
]

∂fD
∂y

=
[
v( ∂V2

∂Y1,1
) · · · v( ∂V2

∂YMN,2(N−1)−MN

)
]

∂fD
∂z

=
[
v( ∂V2

∂Z1,1
) · · · v( ∂V2

∂ZN−1+3,N−1−3
)
]

∂fD
∂w

=
[
v( ∂V2

∂W1,1
) · · · v( ∂V2

∂WM−1+3,M−1−3
)
]

, (56)

where
∂V2i−1,j−1

∂δ̇k
=

∑N−1+3
u=1 [

∂T∗
11

∂δ̇k
]i−1,uZu,j−1−[

∂T∗
12

∂δ̇k
]i−1,j−1 for i = 2, · · · , M ,

j = 2, · · · , N − 3 and k = 1, · · · , M , and
∂V2i−1,j−1

∂η̇k
= (

∑N−1+3
u=1 [

∂T∗
11

∂η̇k
]i−1,u

Zu,j−1 − [
∂T∗

12

∂η̇k
]i−1,j−1) for k = 2, · · · , N , and

∂V2i−1,j−1

∂Xk,l
= 0 for k =

1, 2, 3 and l = 1, · · · , N − 1− 3, and
∂V2i−1,j−1

∂Yk,l
= 0 for k = 1, · · · , MN

and l = 1, · · · , 2(N − 1)−MN , and
∂V2i−1,j−1

∂Zk,l
=↑l,j−1 •(T∗

11)i−1,k for

k = 1, · · · , N − 1 + 3 and l = 1, · · · , N − 1− 3 and
∂V2i−1,j−1

∂Wk,l
= 0

for k = 1, · · · , M − 1 + 3 and l = 1, · · · , M − 1− 3.
Denote V3 = T∗

21W −T∗
22, we have

∂fE
∂δ̇

=
[
v(∂V3

∂δ̇1
) · · · v(∂V3

∂δ̇M
)
]

∂fE
∂η̇

=
[
v(∂V3

∂η̇2
) · · · v(∂V3

∂η̇N
)
]

∂fE
∂x

=
[
v( ∂V3

∂X1,1
) · · · v( ∂V3

∂X3,(N−1−3)
)
]

∂fE
∂y

=
[
v( ∂V3

∂Y1,1
) · · · v( ∂V3

∂YMN,2(N−1)−MN

)
]

∂fE
∂z

=
[
v( ∂V3

∂Z1,1
) · · · v( ∂V3

∂ZN−1+3,N−1−3
)
]

∂fE
∂w

=
[
v( ∂V3

∂W1,1
) · · · v( ∂V3

∂WM−1+3,M−1−3
)
]

, (57)

where
∂V3i−1,j−1

∂δ̇k
=

∑M−1+3
u=1 [

∂T∗
21

∂δ̇k
]i−1,uWu,j−1−[

∂T∗
22

∂δ̇k
]i−1,j−1 for i = 2, · · · , N ,

j = 2, · · · , M − 3 and k = 1, · · · , M , and
∂V3i−1,j−1

∂η̇k
= (

∑M−1+3
u=1 [

∂T∗
21

∂η̇k
]i−1,u
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Wu,j−1 − [
∂T∗

22

∂η̇k
]i−1,j−1) for k = 2, · · · , N , and

∂V3i−1,j−1

∂Xk,l
= 0 for k =

1, 2, 3 and l = 1, · · · , N − 1− 3, and
∂V3i−1,j−1

∂Yk,l
= 0 for k = 1, · · · , MN

and l = 1, · · · , 2(N − 1)−MN , and
∂V3i−1,j−1

∂Zk,l
= 0 for k = 1, · · · , N − 1 + 3

and l = 1, · · · , N − 1− 3, and
∂V3i−1,j−1

∂Wk,l
=↑l,j−1 •(T∗

21)i−1,k for k =

1, · · · , M − 1 + 3 and l = 1, · · · , M − 1− 3.

Table

Table 1: Summary of Notations

Symbol Description Dimension

M Number of mics Scalar

N Number of acoustic sources Scalar

R Matrix for mic position 3×M

ri Vector for ith mic position 3× 1

S Matrix for sources position 3×N

sj Vector for jth sources position 3× 1

t Asynchronous TOA matrix M ×N

ti,j Asynchronous TOA between ith mic and jth

sources
Scalar

c Speed of sound Scalar

ζ Asynchronous TDOA matrix (M − 1)×N

ζi,j Asynchronous TDOA between ith mic and
jth source

Scalar

δ Vector for unknown start time of mic M × 1

δi Unknown start time of ith mic Scalar

η Vector for unknown emission time of source N × 1

ηj Unknown emission time of jth source Scalar

δ′i Time offset between the ith mic and 1st mic Scalar

η̂j Negative value for synchronous TOA be-
tween 1st mic and jth source

Scalar

Continued on next page
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Table 1: Summary of Notations (continued)

Symbol Description Dimension

δ̂i Negative value for time offset between the
ith mic and 1st mic

Scalar

ṫi,j Transformation of asynchronous TOA be-
tween ith mic and jth source

Scalar

δ̇i Transformation of unknown start time for
ith mic

Scalar

η̇j Transformation of unknown emission time
for jth source

Scalar

ζ̈i,j Transformation of asynchronous TDOA be-
tween ith mic and jth source

Scalar

δ̈i Transformation of unknown start time for
ith mic

Scalar

η̈j Transformation of unknown emission time
for jth source

Scalar

D Matrix for elements of asynchronous TOA (M −1)× (N −
1)

U Matrix for element of asynchronous TOA
and unknown time

(M −1)× (N −
1)

rank(·) Rank operator Integer

T1
∗ Elements for matrices D and U (M−1)×2(N−

1)

T2
∗ Elements for matrices D and U (N−1)×2(M−

1)

T3
∗ Elements for matrices D and U 2(M − 1) ×

2(N − 1)

min{·} Minimum operator Scalar

A First three columns of matrix D (M − 1)× 3

B Remaining columns of matrix D (M −1)× (N −
1− 3)

F First three columns of matrix U (M − 1)× 3

Continued on next page
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Table 1: Summary of Notations (continued)

Symbol Description Dimension

G Remaining columns of matrix U (M −1)× (N −
1− 3)

X Coefficient matrix for estimation 3× (N − 1− 3)

T11
∗ First N − 1 + 3 columns of matrix T1

∗ (M −1)× (N −
1 + 3)

T12
∗ Remaining columns of matrix T1

∗ (M −1)× (N −
1− 3)

Z Coefficient matrix for estimation (N − 1 + 3) ×
(N − 1− 3)

T21
∗ First M − 1 + 3 columns of matrix T2

∗ (N −1)× (M −
1 + 3)

T22
∗ Remaining columns of matrix T2

∗ (N −1)× (M −
1− 3)

W Coefficient matrix for estimation (M − 1 + 3) ×
(M − 1− 3)

MN Defined as MN = min{N + 2, M + 2} Scalar

T31
∗ First MN columns of matrix T3

∗ 2(M − 1)×MN

T32
∗ Remaining columns of matrix T3

∗ 2(M − 1) ×
(2(N−1)−MN)

Y Coefficient matrix for estimation MN × (2(N −
1)−MN)

f Objective function N/A

λ, α, β, γ Penalty parameters Scalars

C1 Case label: M −N > 3 N/A

C2 Case label: N −M > 3 N/A

C3 Case label: |M −N | ≤ 3 N/A

v(·) Column-wise matrix vectorization N/A

Xi,j Element of ith row and jth column in matrix
X

Scalar

Continued on next page
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Table 1: Summary of Notations (continued)

Symbol Description Dimension

Q Dimension (length) of vectors q (M − 1)(8(N −
1)−2MN−6)−
3(N − 1)× 1

P Dimension (length) of vector p (M + N − 1 +
3(N − 1 − 3) +
MN(2(N − 1)−
MN)+(N−1+
3)(N − 1− 3)+
(M−1+3)(M−
1− 3))× 1

fA Column-wise matrix vectorization for ma-
trix U

(M − 1)(N −
1)× 1

fB Column-wise matrix vectorization for ma-
trix (A+ F)X−B−G

(M−1)(N−1−
3)× 1

fC Column-wise matrix vectorization for ma-
trix T∗

31Y −T∗
32

2(M−1)(2(N−
1)−MN)× 1

fD Column-wise matrix vectorization for ma-
trix T∗

11Z−T∗
12

(M−1)(N−1−
3)× 1

fE Column-wise matrix vectorization for ma-
trix T∗

21W −T∗
22

(N−1)(M−1−
3)× 1

p Vector for elements of δ̇, η̇, X, Y, Z and W Q× 1

q Vector for elements of fA, fB, fC, fD and fE P × 1

J Jacobian matrix Q× P

Rr(M,N) Recovery rate Scalar∑
Summation Operator N/A

Nei(M,N) Number of globally optimal solutions for ith

configuration
Integer

In(M,N) Total number of configurations Integer

Nc(M,N) Total initializations for each configuration Integer

er Error metric for start time and emission
time

Scalar

Continued on next page
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Table 1: Summary of Notations (continued)

Symbol Description Dimension

Cr(M,N) Convergence rate Scalar

Ce(M,N) Number of successful recoveries Scalar

λ∗, α∗, β∗,
γ∗

Penalty parameters Scalars

O(·) Computational Complexity N/A

Ĵ1,r Number of rows for J with LRP only Integer

Ĵ1,c Number of columns for J with LRP only Integer

Ĵ1,4,r Number of rows for J with LRP and LRPV3 Integer

Ĵ1,4,c Number of columns for J with LRP and
LRPV3

Integer

Ĵ1,2,4,r Number of rows for J with LRP, LRPV1
and LRPV3

Integer

Ĵ1,2,4,c Number of columns for J with LRP, LRPV1
and LRPV3

Integer

Ĵ1,2,3,r Number of rows for J with LRP, LRPV2
and LRPV3

Integer

Ĵ1,2,3,c Number of columns for J with LRP, LRPV2
and LRPV3

Integer

σ Standard derivation Scalar
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